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PREFACE 


In  the  past  several  years,  researchers  in  simplicial  pivoting 
algorithms  have  developed  a  new  class  of  algorithms,  called  variable- 
dimension  algorithms.  The  dimension  of  the  simplices  encountered  in  the 
execution  of  these  algorithms  can  vary  significantly  and  it  is  this 
variability  that  sets  these  algorithms  apart  from  other  simplicial  pivot¬ 
ing  algorithms. 

With  the  partial  goal  of  presenting  a  unified  view  of  these  variable- 
dimension  algorithms,  we  introduce  a  new  mathematical  structure  called  a 
V-complex  (which  is  short  for  "variable-dimension  complex") .  A 
V-complex  is  axiomatically  defined  using  elementary  concepts  from  alge¬ 
braic  topology.  With  the  addition  of  a  labelling  function  on  a 
V-complex,  we  develop  a  theory  and  a  characterization  of  paths  generated 
by  V-complexes,  that  are  reminiscent  of  the  paths  generated  by  typical 
simplicial  pivoting  algorithms. 

For  a  given  V-complex,  we  define  its  associated  H-complex 
(which  is  short  for  "homogeneous-dimension  complex").  We  then  show  that 
an  H-complex  is  an  n-dimensional  pseudomanifold}  furthermore,  path-follow¬ 
ing  on  V-complexes  is  equivalent  to  and  is  a  "projection"  of  the  well- 
known  path-following  scheme  on  a  pseudomanifold,  as  applied  to  the 
H-complex. 

Path-following  on  V-complexes  gives  rise  to  constructive  proofs  of 
a  host  of  lemmas  from  combinatorial  topology,  including  the  Sperner  Lemma, 
Scarf's  Dual  Sperner  Lemma,  Kuhn's  Strong  Cubical  Sperner  Lemma,  and 
Tucker’s  Lemma  on  the  n-cube.  Exploiting  the  structure  V-complexes,  we 
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present  two  new  combinatorial  lemmas,  the  Generalized  Sperner  Lemma, 
and  a  new  lemma  on  the  n-cube.  These  combinatorial  lemmas  have  interest¬ 


ing  relationships  with  existence  theorems  for  fixed-points,  antipodal 
points,  stationary  points,  nonlinear  complementarity  points,  and 
equilibrium  points  in  n-person  non-cooperative  game  theory.  The 
Generalized  Sperner  Lemma  results  in  a  new  Covering  Theorem  on  the  simplex, 
as  well  as  two  other  new  results  on  the  simplex. 

V-complexes  are  also  used  to  present  a  unifying  theory  of  variable- 
dimension  simplicial  pivoting  algorithms.  We  show  that  essentially  all  of 
these  algorithms  can  be  viewed  as  path-following  schemes  on  a  V-complex. 

Similar  to  the  orientation  theory  for  pseudomanifolds,  we  present 
an  orientation  theory  for  H-complexes,  which  gives  insight  into  the  behavior 
of  the  paths  on  H-  and  V-complexes.  We  then  give  sufficient  conditions 
on  a  V-complex  that  guarantee  that  the  associated  H-complex  is  orientable. 

In  Chapter  I,  we  review  some  basic  concepts  from  algebraic  topology 
and  triangulations.  In  Chapter  II,  we  motivate  our  study  by  presenting 
Reiser’s  algorithm  for  the  nonlinear  complementarity  problem,  and 
vanderLaan  and  Talman’s  first  fixed-point  algorithm.  In  Chapter  III,  we 
introduce  and  develop  the  theory  of  V-complexes  and  H-complexes.  In 
Chapter  IV,  we  present  and  give  constructive  proofs  of  the  combinatorial 
lemmas  noted  above.  In  Chapter  V,  we  show  the  relationship  between  these 
lemmas  and  certain  existence  theorems.  We  also  prove  new  results  using 
these  lemmas.  In  Chapter  VI,  we  present  an  orientation  theory  for 
H-complexes,  and  give  sufficient  conditions  for  the  orientability  of 
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H-complexes.  In  Chapter  VII,  we  demonstrate  that  virtually  all 
variable-dimension  algorithms  can  be  viewed  in  terms  of  a  V- comp lex. 
In  Chapter  VIII,  we  make  some  concluding  remarks  and  give  suggestions 
for  further  research. 


TABLE  OF  CONTENTS 


CHAPTER 


I 


II 


III 


j 


PA® 


PREFACE  . ii 

NOTATION .  viil 

COMPLEXES,  PSEUDOMANIPOLDS,  ORIENTATION, 

TRIANGULATIONS  .  1 

1.0.  Introduction  .  1 

1.1.  Complexes  .  1 

1.2.  Pseudomanifolds  .  2 

1.3.  Orientation  .  4 

1.4.  Triangulations  . 8 

1.5.  A  Word  on  O-Dimensional  Pseudomanifolds .  10 

1.6.  References  .  11 

THE  ALGORITHMS  OF  REISER  AND  VAN  DER  LAAN 

AND  TALMAN  .  12 

2.0.  Introduction  .  12 

2.1.  Reiser's  Algorithm  .  12 

2.2.  Van  der  Laan  and  Talman's  First  Algorithm. ..  16 

2.3.  Conclusion  and  Final  Remarks  .  18 

V-COMPLEXES  AND  H-COMPLEXES  .  20 

3.0,  Introduction  .  20 

3.1.  V-Complexes  .  20 

3.2.  Labelling  Vertices  and  Adjacency  on 

V-Complexes  .  25 

3.3.  H-Complexes  .  27 

3.4.  Labelling  Vertices  and  Adjacency  on 

H-Complexes  .  32 

3.5.  Characterization  of  Paths  on  H-Complexes....  33 

3.6.  Characterization  of  Paths  on  V-Complexes . . . .  37 

3.7.  The  Algorithmic  Development  .  4l 

3.8.  Concluding  Remarks  .  4l 


TABLE  OF  CONTENTS  CONT 


CHAPTER  PAGE 

IV  COMBINATORIAL  LEMMAS  .  43 

l+.O.  Introduction  .  1+3 

l+.l.  Sperner's  Lemma  and  Kuhn's  Algorithm .  1+3 

4.2.  A  Generalization  of  Sperner's  Lenina .  47 

4.3.  Tucker's  Lemma  on  the  n-Cube  .  51 

4.4.  Kuhn's  Lemma  .  55 

4.5.  Another  Combinatorial  Lemma  on  the  n-Cube. . .  58 

4.6.  Concluding  Remarks  .  6l 

V  EXTENSIONS  OF  THE  COMBINATORIAL  LEMMAS  .  62 

5.0.  Introduction  .  62 

5.1.  Brouwer's  Theorem  and  Combinatorial  Lemmas..  62 

5.2.  Extensions  of  the  Generalized  Sperner  Lemma.  69 

5.3.  A  Homotopy  Algorithm  for  Computing  x* 

of  Theorem  5*9 .  75 

5.4.  Extensions  of  Tucker's  Lemma  .  79 

VI  ORIENTATION  AND  H-COMPLEXES  .  82 

6.0.  Introduction  . 82 

6.1.  Pivots  and  C-Pivots  on  Pseudomanifolds .  82 

6.2.  Orientations  on  Paths  Generated  by  C-Pivots.  86 

6.3.  Conditions  for  Which  an  H-Complex  is 

Orientable  .  89 

6.4.  Concluding  Remarks  .  98 

VII  KNOWN  VARIABLE-DIMENSION  ALGORITHMS  INTERPRETED  ON 

V-COMPLEXES  .  100 

7.0.  Introduction  .  100 

7.1.  Fixed-Point  Algorithms  .  100 

7.2.  Algorithms  for  the  Nonlinear  Complementarity 

Problems  .  106 

7.3.  Algorithms  for  Equilibrium  Points  in 

N-Person  Noncooperative  Game  Theory  .  115 

't.4.  Concluding  Remarks  .  119 


vi 


1 


>• 


} 

j 

I 

J 

! 


TABLE  OF  CONTENTS  CONT. 


CHAPTER 

VIII  CONCLUDING  REMARKS  . 

8.0.  Introduction  . 

8.1.  Vector  Labelling  . 

8.2.  Kojima' s  Work  . 

8.3.  V-Complex  Topology  . 

8.4.  Applications  to  Polyhedra  . 

8.^.  More  on  the  Combinatorial  Lemmas 

BIBLIOGRAPHY  . 


A 

i 


i 


vii 


NOTATION 


]Rn 

®n+  or 


real  n-dimensional  space 

{X  e  mn  |x  >  0} 

the  vector  of  l's,  (l,  1,  1, 


0 


the  empty  set 


1) 


A 


\ 


symmetric  difference  operator  on  sets; 

sat  =-  { x  |  x  esuT,  x^s  ni) 

difference  operator  on  sets; 

S\T  =  {x|x  €  S,  x  4  T} 


the  Euclidean  norm;  |jx|| 


=  V? 


+  x 


Diameter  of  Let  a  be  a  real  n-simplex.  The  diameter  of  cr  is 
a  simplex 

equal  to  max  !|x-y||,  where  ||*||  is  any  norm. 

x,y£  <j 


Diameter 
of  a  tri¬ 
angulation 


Let  C  be  a  triangulation.  The  diameter  of  C  is 

equal  to  sup  [ diameter  of  a ] . 

C 

th 

the  i —  column  of  a  matrix  A 
the  i—  row  of  a  matrix  A. 

the  i—  unit  vector  in  Bn  . 


CHAPTER  I 


COMPLEXES,  PSEUDOMANIFOLDS,  ORIENTATION,  TRIANGULATIONS 


1.0.  Introduction 

In  this  first  chapter,  we  review  some  basic  concepts  from  algebraic 
topology  that  provide  a  basis  for  the  material  which  follows.  Specifically, 
we  discuss  the  notions  of  an  abstract  complex,  pseudomanifolds,  orientation, 
and  triangulations.  Most  of  this  material  is  not  new,  but  a  review  is 
helpful. 

1. 1.  Complexes 

An  abstract  complex  consists  of  a  set  of  vertices  K°  and  a  set 
of  finite  nonempty  subsets  of  K^,  denoted  K,  such  that 
i)  v  G  K°  implies  {v}  €  K 
ii)  /  xCy  G  K  implies  x  £  K. 

The  elements  of  K  are  called  simplices.  Suppose  x  €  K  and  |x|  =  n+1, 
where  |*|  denotes  cardinality.  Then  x  is  called  an  n-dimenslonal 
simplex,  or  simply  an  n-simplex.  Condition  (i)  above  means  that  all 
members  of  are  0-simplices,  and  condition  (ii)  means  that  K  is 

closed  under  subsets.  Technically,  an  abstract  complex  is  defined  by  the 
pair  (K,  K^).  However,  since  the  set  is  implied  by  K,  it  is  con¬ 

venient  to  simply  denote  the  complex  by  K  alone. 


As  an  example,  consider 

K  =  {{a),  (b),  (c),  (a,b),  (a,c),  (b,c),  (a,b,c),  (a,d)  (d)). 


Then  K°  =  (a,b,c,d).  |a,b]  is  a  1-simplex.  {a,b,c}  is  a  2-simplex, 

and  {d}  is  a  0~s implex. 

An  abstract  complex  K  is  said  to  be  finite  if  the  set  is 

finite.  An  abstract  complex  K  is  said  to  be  locally  finite  if  for  each 
v  £  K^,  the  set  of  simplices  containing  v  is  a  finite  set.  More  formally, 
K  is  locally  finite  if  and  only  if  for  each  v  £  , 

(x  £  K|v  £  x}  is  a  finite  set. 

Clearly,  if  K  is  finite,  it  is  locally  finite.  The  converse  is  not  always 
true. 

The  previous  example  is  a  finite  complex.  As  an  example  of  a 
locally  finite  complex  that  is  not  finite,  let 

K={{1),  (2),  {3},  ...  ,  (1,2),  (2,3),  {3,^},  ...  }  • 

As  an  example  of  a  non-locally  finite  complex,  let 

K  =  {{1},  [2},  (3),  ,  (1,2),  (1,3),  {1,4},  { 1, 5),  •  •  •  )* 

A  subset  L  of  K  is  said  to  be  a  subcomplex  of  K  if  L  itself  is 
a  complex. 

1.2.  Pseudomanifolds 

A  particular  class  of  complexes,  called  pseudomanifolds,  is  central 
to  the  theory  to  be  developed.  An  n-dimensional  pseudomanifold,  or  more 
simply  an  n-pseudomanifold,  is  a  complex  K  such  that 


i)  x  G  K  implies  there  exists  y  €  K  with  |y|  =  n+1, 
and  x  C  y. 

ii)  If  x  €  K  and  |x|  =  n,  then  there  are  at  most  two  n-siraplices 
that  contain  x. 

Let 

K  =  {{a,b,c),  (a,b,d),  (a,c,d),  (a,b),  (a,c),  {a,d},  {b,c],  {b,d}, 

(c,d),  {a},  (b),  (c),  (d) }  . 

Then  K  is  a  2-dimensional  pseudomanifold. 

As  an  example  of  a  complex  which  is  not  a  pseudomanifold,  let 

K  =  ({a,b, c),  (a,b, d},  {a,b,e},  (a,b),  (a,c),  {b,c},  (a,d),  (b,d) 

{a,e},  (b,e),  {a},  (b),  (c),  {d},  {e}}  . 

Here  {a,b)  is  contained  in  three  2-simplices. 

Let  K  be  an  n-pseudomanifold.  The  boundary  of  K,  denoted  3K, 
is  defined  to  be  the  set  of  simplices  x  G  K  such  that  x  is  contained 

in  an  (n-1) -simplex  y  G  K,  and  y  is  a  subset  of  exactly  one  n-simplex 

of  K. 

Let  K  =  {{a},  {b},  {c},  {d},  {a,b},  {b,c},  {c,d}}.  Then 
bK  =  {(a),  fd)}. 

Not  all  pseudomanifolds  have  a  nonempty  boundary.  For  example, 

let 

K  =  ({a),  (b),  (c),  {d},  (a,b),  {b,c},  {c,d},  (d,a)}  . 


Then  dK  = 
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An  n-pseudoraanifold  K  is  said  to  be  homogeneous  if  for  any 
pair  of  n-siraplices  x,  y  €  K,  there  is  a  finite  sequence 
x  =  x^,  x^,  Xy  ...  ,  *  y  of  n-simplices  in  K  such  that  D 

is  an  (n-1) -simplex  in  K,  for  i  =  1,  ...  ,  m-1.  The  preceding  examples 
of  pseudomanifolds  are  all  homogeneous. 

As  an  example  of  a  non-homogeneous  pseudomanifold,  let 

K  =  { {a,b,  c) ,  {c,d,e},  (&>b},  {a,c},  {b,c},  (c,d),  (c*e),  [d,e) 

[a},  (b),  [c],  {d},  (e}}  . 

There  is  no  "path*1  of  n-simplices  connecting  (a,b,c)  and  {c,d,  e}. 

Before  closing  this  section,  we  define  the  notion  of  a  pivot  and 
a  neighboring  pair.  Let  K  be  an  n-pseudomanifold  and  let  x  be  an 
n-simplex  in  K.  Let  x  =  {vQ,  ...  ,  vn) .  Let  y  =  {v^,  ...  ,  v^} . 

If  y  $  dK,  there  is  a  unique  w  €  K°  such  that  (w,  v^,  ...  ,  vq)  is 
an  n-simplex  in  K.  The  process  of  exchanging  for  w  to  obtain  a 

new  n-simplex  is  called  a  pivot.  In  general,  if  x  and  z  axe  n-simplices 
and  z  can  be  obtained  from  x  by  a  pivot,  x  and  z  axe  said  to  be  a 
neighboring  pair,  or  simply  neighbors. 

1.3.  Orientation 

Let  K  be  a  homogeneous  n-pseudomanifold,  and  let  x  be  an 

n-simplex  in  K.  Let  (vQ,  ...  ,  v  )  be  some  fixed  ordering  of  the 

vertices  of  x.  For  an  arbitrary  ordering  (v  ,  ...  ,  v  )  of  x, 

do  Jn 

this  ordering  is  said  to  have  a  (+)  orientation  if  and  only  if  the 
permutation 

• • •  >  jn) 

is  even;  otherwise  the  orientation  is  (-). 
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Now  let  us  extend  this  notion  to  all  of  K.  Fix  an  ordering  of 

all  n-simplices  of  K.  Let  x  be  an  n-simplex  and  let  y  be  an  n-simplex 

obtained  by  pivoting  on  an  element  v .  of  x  and  replacing  v .  by  w. 

We  say  that  the  pair  (x,y)  is  coherently-oriented  if  the  orderings 

(v  ,  ,  v  )  and  (v.  ,  ...  ,  v  ,  w,  v  ,  ,  v  )  are 

J0  Jn  J0  Ji-1  Ji+1  Jn 

differently  oriented,  i.e.  one  is  (+)  and  the  other  is  (-).  K  is 

said  to  be  orientable  if  it  is  possible  to  specify  orientations  on  all 

n-simplices  of  K  in  a  way  that  all  neighboring  n-simplices  x,  y  are 

coherently-oriented. 

It  is  important  to  note  a  convenient  way  to  go  about  orienting 
K,  if  K  is  orientable.  Choose  an  n-simplex  x  and  an  ordering  of  its 
vertices  and  designate  this  ordering  as  (+).  Then,  by  the  homogeneity  of 
K,  we  can  orient  all  simplices  that  form  a  neighboring  pair  with  x,  and 
hence  all  n-simplices  of  K. 

A  natural  question  to  ask  at  this  point  is  whether  or  not  all 
homogeneous  pseudomanifolds  are  orientable.  The  answer  is  no.  Figure  1.1 
schematically  represents  a  non-orientable  2-pseudomanifold  that  is  equivalent 
to  the  famous  Mobius  strip.  The  maximal  elements  of  K  hre 
!a,b,c},  {a,  c,d),  {c,d,  e],  {d, e,f},  (e,f,a),  and  ff, a,b).  It  is  a  simple 
exercise  to  verify  that  K  cannot  be  oriented. 
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Figure  1.1 


Figure  1.2,  on  the  other  hand,  represents  an  orientable  2-pseudomanifold. 


(a,b,c) 

+ 

(c,b,d) 

+ 

(c,d,e) 

+ 

(c ,  e ,  f ) 

+ 

(f,e,g) 

+ 

(8 »b) 

+ 

Figure  1.2 
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Finally,  we  define  induced  orientation  on  the  boundary  of  K.  Let 

K  be  a  homogeneous  orientable  n-pseudomanifold  such  that  dK  is  not 

empty.  Let  y  be  an  (n-1) -simplex  in  dK.  Then  there  is  a  unique 

n- simplex  x  €  K  such  that  y  C  x.  Orient  K  coherently.  Let 

(v  ,  ,  v.  )  be  an  ordering  of  the  vertices  of  x.  y  =  x  \{v  ) 

J0  Jn  Ji 

for  some  i  uniquely  determined.  Denote  the  orientation  of  the  ordering 

(v  9  . ..  >  v  )  by  Or(v  #•••#▼.)•  Then  we  define  the  induced 
J0  Jn  Jq  Jn 

orientation  on  y  as 

Or  (v  y  0 . .  y  v,  ,  v,  y  9  •  0  y  v  )  —  ( — 1 )  Or  (v  ,  •••  ,  v  )  . 
J0  Ji-1  Ji+1  Jn  ^0  Jn 

Proposition  1.1.  Induced  orientation  is  well-defined. 

PROOF.  Let  y  be  an  (n-l) -simplex  in  dK,  and  let  x  be  the  unique 

n-simplex  in  K  that  contains  y.  Let  (i^,  . ..  >  in  ^  ordering 

of  the  vertices  of  y,  and  let  ...  ,  and  ...  ,  iR)  be 

orderings  of  the  vertices  of  x,  from  which  (iQ,  ...  ,  i^^)  *s  derived. 

y  =  x\v  for  some  unique  v  €  x.  v  =  v.  =  v  for  some  unique  r,  s. 

Jr  s 

If  r  =  s,  then  (jQ,  . ..  ,  jn)  =  (iQ,  ...  ,  ,  and 

Or(i^,  ...  ,  in-i)  =  (”l)  Or(jQ,  •••  ,  0^)  =  (-1)  Or(^Q,  ...  , 

trivially. 

So  suppose  s  >  r.  It  takes  s-r  transpositions  to  change 
* Jq>  •••  f  j  •••  f  Hence  (-1)  Orfj^,  ...  , 

=  (-l)r  (-l)s_r  0r(£0,  ...  ,  ln)  =  (-1)8  OrUQ,  ...  ,  £n).  ® 
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The  pseudomanifolds  discussed  so  far  are  very  abstract  objects. 
They  can  be  schematically  represented,  but  trying  to  picture  what  they 


are  all  about  is  not  easy.  An  n-dimensional  pseudomanifold  is  an  abstrac¬ 
tion  of  a  triangulation  of  an  n-dimensional  set  in  .  The  m-siii^>lices 
of  pseudomanifolds  correspond  to  geometric  objects,  which  by  an  unfortunate 
tradition,  are  also  called  m-simplices.  In  order  to  formally  define  a 

triangulation,  we  first  need  to  define  a  real  m-simplex  in  ®n  . 

T  »  0  m  _  ,  _n  0  m  ^  . 

Let  v  ,  . . .  ,  v  be  vectors  in  JR  .  v  ,  . , .  ,  v  are  said  to 

be  affinely  independent  if  the  matrix 


0  m 

has  rank  m+1.  If  v  ,  . . .  ,  v  are  affinely  independent  then  their 
convex  hull,  denoted  (v°,  ...  ,  vm)  is  said  to  be  an  m- dimensional 
simplex,  or  more  simply  an  m-simplex.  All  m-simplices  are  closed  and 
bounded  polyhedral  convex  sets.  Let  {v  ,  ,  v  )  be  a  subset  of 

{v°,  ...  ,  vm).  Then  (v  . ..  ,  v  *)  is  called  a  k-dimensional  face  of 
k-face  of  (v°,  ...  ,  vn).  Any  k-face  of  (v°,  ...  ,  vm)  is  a  k-simplex 
itself.  An  (m-l)-face  of  an  m-simplex  is  called  a  facet  of  the  m-simplex. 

With  the  notions  of  simplices  and  faces  in  mind,  we  are  ready 
to  define  a  triangulation.  Let  H  be  an  m-dimensional  convex  set  in 
3Rn  .  Let  C  be  a  collection  of  m-siraplices  a  together  with  all  of 
their  faces.  C  is  a  triangulation  of  H  if 


i)  H  =  U  a 
cr€C 

ii)  a,  t  €  C  Imply  a  D  x  €  C 

111)  If  a  Is  an  (m-l)  simplex  of  C,  a  is  a  face  of  at  most 
two  m-simplices  of  C. 

The  connection  between  triangulations  and  pseudomanifolds  should  be  clear. 
Corresponding  to  each  simplex  a  in  C  is  its  set  of  vertices  {v°, ...,vk). 
Let  K  be  the  collection  of  these  sets  of  vertices.  Then  K  is  an 
m-dimensional  pseudomanifold. 

Before  concluding  this  section,  we  describe  two  useful  tri angulations, 
one  of  ]Rn ,  and  one  of  Tn  =  [x  6  ]Rn|e^x=  1). 

1.4.1.  Kuhn' s  triangulation  of  Bn 

Let  Zn  denote  the  integral  points  in  ]Rn  ,  let  N  =  { 1, . . . ,  n) , 
and  let  tt  be  a  permutation  of  N.  We  define  the  simplex 

a(y°>  7 r)  =  <y°,  y1,  ...  ,  yn)  where  y1  =  y1"1  +  e  l,  1=1,...,  n, 

where  y^  €  Zn,  and  e^  is  the  i—  unit  vector  in  ]Rn.  The  collection 
of  all  such  cr(y,7r)  as  y  ranges  over  all  of  Zn  and  7 r  ranges  over 

all  permutations,  together  with  all  faces  of  cr(y,Tr),  is  a  triangulation 

n  n 

of  ]R  .  By  scaling  these  simplices,  we  obtain  triangulations  of  1R 

with  arbitrarily  small  diameters  of  the  simplices. 


I.L.2.  The  Scarf -Hansen  triangulation  of  Sn 

Let  c  be  a  fixed  positive  integer.  Let  Q  be  the  following 
n  *  n  matrix: 

-1  0  0+1 

+1  -1  .  0 

o  +1  .  . 

•  •  •  •  •  • 

•  «  •  •  •  • 

•  .  .  -1  o 

o  •  •  •  0  +1  -1 

Let  the  i— —  column  of  Q  be  denoted  by  q^.  Let  v  be  a  permutation 

of  N  =  (1, ...,n}  with  any  one  element  of  N  missing.  Finally,  let  y^ 
n  TO 

be  an  element  of  Z  such  that  e  y  =  c.  Then  we  define  the  simplex 

c(y^>  tt)  =  (  >  •  ••  >  ya  , 

i  i  1  7T. 

where  y  =  y  +  q  The  collection  of  all  such  a(y  ,ir)  together 
with  all  faces  of  cr(y^,7 r),  is  a  triangulation  of  Tn.  Let 
Sn  =  (x  G  ]Rn  |eTx  =  1,  x  >  0).  Then  the  restriction  of  this  triaogulation 
to  Sn  is  also  a  tri angulation  of  Sn  and  all  faces  of  Sn. 

1.5*  A  Word  on  O-Dlmensional  Pseudoaanlfolds 

In  the  definition  of  a  complex,  the  empty  set  is  not  an 
admissible  element  of  the  complex  K.  However,  it  is  extremely  desirable 
to  allow,  and  insist,  that  the  empty  set  be  an  element  of  K,  if  K  is  a 
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O-dimensional  pseudomanifold.  0 -dimensional  pseudomanifolds  either  consist 
of  one  element  or  two  elements.  Hence  K  =  ({a)}  or  K  =  {{a},  {b}}. 

We  shall  allow  the  empty  set  to  be  the  unique  (-1) -dimensional  simplex 
contained  in  K.  If  K  has  one  element,  then  upon  amending  K,  we 
have  K  =  {<?,  (a)},  and  we  say  4  £  dK.  If  K  has  two  elements,  the 
amended  K  is  [<jf,  (a),  { b) ) ,  and  dK  =  flf;  hence  $  4  dK. 

1.6.  References 

Pertinent  references  for  complexes  and  pseudomanifolds  are 
Spanier  [ 39]  and  Eaves  [  U ] .  Some  of  the  material  on  orientation  was 
taken  from  Lemke  and  Grotzinger  [ 30] .  The  material  on  triangulations 
is  based  on  Kuhn  [21],  Scarf  [35],  and  Todd  [**1], 

It  should  be  noted  that  the  notion  of  orienting  pseudomanifolds 
can  be  extended  to  triangulations  by  the  use  of  determinants.  The 
interested  reader  can  refer  to  Eaves  [6]  and  Eaves  and  Scarf  [8]  for  a 
development  on  orienting  triangulations. 
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CHAPTER  II 

THE  ALGORITHMS  OF  REISER  AND  VAN  DER  LAAN  AND  TALMAN 

2.0  Introduction 

In  the  past  few  year,  researchers  in  mathematical  programming 
have  developed  a  new  class  of  algorithms  for  computing  fixed-points, 
solutions  to  the  nonlinear  complementarity  problem,  and  equilibrium 
points  in  non-cooperative  games.  Unlike  previous  algorithms,  these 
particular  algorithms  generate  simplices  of  varying  dimensions,  and 
hence  are  called  variable-dimension  simplicial  algorithms.  As  stated 
in  the  introduction,  this  dissertation  presents  a  unifying  view  of 
these  variable-dimension  algorithms.  In  order  to  motivate  the  reader 
for  the  material  of  Chapter  III  and  beyond,  we  present  two  of  these 
algorithms  in  ibis  chapter.  The  first  algorithm,  due  to  Reiser  [33], 
is  used  to  find  an  approximate  solution  to  the  nonlinear  complementarity 
problem.  The  second  algorithm,  due  to  van  der  La an  and  Talman  [24], 
is  used  to  find  an  approximate  fixed  point  on  the  unit  simplex. 

The  aim  of  this  chapter  is  to  illustrate  certain  properties  of 
the  paths  generated  by  these  algorithms.  Hence,  we  only  state  the 
algorithms'  pivot  rules  and  present  sample  paths  that  each  algorithm 
could  generate.  For  complete  descriptions  of  these  algorithms,  see 
the  references  above. 

2.1.  Reiser1 s  Algorithm 

Reiser's  algorithm,  mu tat is  mutandis,  is  based  on  Kuhn's  triangu¬ 
lation  (denoted  T)  of  scaled  by  a  constant  c  >  0.  Let  w  be 
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a  fixed  vertex  of  the  triangulation.  Let  L(-)  be  a  labelling  function 
that  assigns  to  each  vertex  of  T  an  element  of  (+1,  ...  ,  +  n} .  The 
algorithm  is  as  follows: 

Step  0  (initialization).  Set  =  w,  q  =  1  (q  is  the  index  of  the 
vertex  to  be  labelled),  m  =  1  (number  of  vertices  of  the  actual  simplex  S). 

Go  to  Step  1. 

Step  1  (Labelling).  Let  l  =  L(vq).  If  there  exists  a  vertex  v  of  S 
with  L(v)  =  -l,  go  to  Step  4.  If  there  is  a  vertex  vk,  k  /  q,  of  S 

with  L(vk)  =  i,  go  to  Step  2.  Otherwise  go  to  Step  3. 

Step  2  (Dropping  or  Replacing  a  Vertex),  v  is  replaced  by  the  only  vertex 

vk  which  can  be  added  in  order  to  obtain  another  (m-l) -simplex  of  T  in 

the  affine  hull  of  S.  If  there  is  an  i  £  {1,  ...,n)  with  (v^w^  <0, 

determine  that  j  6  {l,...,ra}  with  |L(vJ)|  =  i,  drop  v  ,  let  k<-  j, 

k  -k 

m «—  m-l,  and  go  to  Step  2.  Othervrise  let  v  <- v  ,  q  k,  and  go  to 
Step  1. 

Step  3  (Adding  a  Vertex).  Let  v1  <  •••  <  vm  be  the  vertices  of  S. 

If  £  >  0,  let  vm+1^-vm  +  c*e^.  Otherwise,  let  vm+1  <•- v1  -  c*e^L 
let  ra  m+1,  q  m,  and  go  to  Step  1. 

ij. 

Step  ^  (Termination).  A  simplex  has  been  found  with  two  vertices,  v  , 

-  ix  ip 

v  ,  such  that  L(v  )  =  -L(v  ).  Stop. 
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It  can  be  proven  that  this  algorithm  can  always  be  executed  and 
that  cycling  cannot  occur.  Finite  termination  depends  on  regularity 
conditions  imposed  on  L(*)  either  directly  or  through  a  function  f(-) 
from  which  L(#)  is  derived. 

Figure  2.1  illustrates  a  sample  path  that  could  be  generated  by 

2 

the  algorithm  in  1R  .  With  the  aid  of  this  sample  path,  we  make  some 
observations  about  paths  generated  by  the  algorithm. 

First,  we  see  that  the  algorithm  generates  simplices  of  varying 
dimensions,  but  it  does  not  do  so  arbitrarily!  When  the  simplices  are 
strictly  inside  a  given  quadrant  (relative  to  w),  it  generates  2-simplices. 
When  the  algorithm  is  moving  along  a  coordinate  axis,  it  usually  generates 
1-simplices.  Were  we  to  examine  a  sample  path  generated  in  Bn ,  the 
above  remains  would  generalize. 

Second,  the  adjacency  rules  appear  to  be  different  for  each  quad¬ 
rant.  In  the  southeast  quadrant,  adjacent  2-simplices  share  the  labels 
{1,-2}.  In  the  southwest  quadrant,  adjacent  2-simplices  share  the  labels 
{-1,-2},  etc.  Along  the  coordinate  axes,  a  related  phenomenon  takes 
place.  In  the  north  pointing  axis,  adjacent  1-simplices  share  the  label 
{2}.  In  the  south  pointing  axis,  adjacent  1-simplices  share  the  label 
{-2},  etc. 

Finally,  we  remark  that  we  have  made  no  real  use  of  the  fact  that 
the  simplices  of  T  have  relative  interiors.  Indeed,  we  only  use  the 
vertices  of  the  simplices,  and  the  only  extensively  used  property  of 
T  is  its  relation  to  a  pseudomanifold. 

lb 


Figure  2.1 


The  above  remarks  suggest  that  we  redefine  adjacency  between  two 
simplices  in  terms  of  the  region  of  3Rn  in  which  they  are  located. 
Furthermore,  they  suggest  that  we  assign  labels  to  entire  regions  of 
3Rn.  We  could  (and  later  on  we  shall)  refer  to  the  northeast  region 
of  Figure  2.1  as  the  ”{ 1, 2] -region”  and  the  north-pointing  axis  as  the 
"{ 1] -region. ”  Finally,  the  remarks  suggest  we  look  at  the  algorithm 
combinatorially,  in  terms  related  to  pseudomanifolds. 

2.2.  van  der  Laan  and  Talman*  s  First  Algorithm 

van  der  Laan  and  Talman's  first  algorithm  for  computing  fixed 

points  on  the  unit  simplex  uses  Scarf's  triangulation  of  Sn,  which  we  denote 

by  C.  Let  c  be  the  scaling  factor  for  the  triangulation,  and  fix  w, 

a  vertex  of  C.  Let  L( • )  be  a  labelling  function  that  assigns  to  each 

vertex  of  C  an  element  of  (1, ...,n).  van  der  Laan  and  Talman's 

algorithm  appears  below.  In  the  notation  of  the  algorithm,  N  =  { 1, ...,n} 

T 

and  TC  N,  y  is  a  permutation  of  the  elements  of  T  used  to  define 

the  simplex,  t  is  the  dimension  of  the  current  simplex  under  scrutiny, 
q  is  the  index  of  the  incoming  vertex,  and  k  is  the  index  of  the  out- 
going  vertex.  R  is  a  work  vector,  R  €  3R  .  q(i)  is  the  i —  column 

of  Q  defined  in  Chapter  1,  section  4.2.  A  simplex  encountered  in  the 

0  T  i  i-1  T 

algorithm  is  described  by  v  ,  T,  y  ,  where  for  i  =  1, ...,t,  v  =v  +q(yp. 

Step  0  (initialization).  Set  T  y^  «-  t  «—  0,  R  «-  0,  v®  «—  w, 

q  «-  0. 
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Step  1  (Labelling  a  Vertex).  Set  i  =  L(vq).  If  {L(v0),...,  L(v^)) 

=  (1,  go  to  Step  4.  If  l  is  different  from  the  labels  of  all  other 
vertices,  go  to  Step  3.  Otherwise  i  =  L(vk)  for  some  k  6  {0, . .  .,t)\{q) . 
Go  to  Step  2. 


'  j 

\ 

i 


Present 
value 
of  k 

New  value 
of  v^ 

T 

New  value  of  y 

R 

New 

q 

o 

ii 

M 

< 

o 

+ 

q  (rj) 

/  T  T  Tx 

R  +  e(rJ) 

t 

1  <  k  <  t-1 

0 

V 

T  T  T  T  T, 

(ri,...,rk_i,Vi,rk,...,rt) 

R 

k 

k  =  t 

0 

v  - 

q(r^) 

,  T  T  Tv 

rt,ri' • • *^rt-i^ 

R  -  e(r*> 

0 

Table  2.1 


Under  suitable  conditions  imposed  on  L(*)  (i.e.  that  L(*) 

be  a  n proper”  labelling,  see  Chapter  IV,  Section  l),  it  can  be  proven 
that  the  steps  of  the  algorithm  generate  a  unique  finite  sequence  of 


simplices,  and  that  the  last  simplex  of  the  sequence  satisfies  the 
termination  conditions  of  Step  4. 

A  sample  path  that  the  algorithm  could  generate  in  appears 

in  Figure  2.2.  As  in  the  case  of  Reiser’s  algorithm,  we  see  that  in 
different  regions  of  the  simplex,  the  adjacency  properties  of  the  generated 
simplices  varies.  In  the  upper  right  region  of  the  simplex,  adjacent 
2-simplices  share  the  labels  (1,2),  in  the  central  left  region  of  the 
simplex,  adjacent  2-simplices  share  the  labels  (2,3).  Along  the  right¬ 
pointing  axis  from  w,  adjacent  1-simplices  share  the  label  {!),  etc. 

And,  as  in  Reiser’s  algorithm,  we  only  take  advantage  of  the  pseudo¬ 
manifold  properties  of  the  triangulation  in  the  execution  of  the  algorithm. 

2.3.  Conclusion  and  Final  Remarks 

We  have  seen  that  the  variable-dimension  algorithms  of  Reiser 
and  van  der  Laan-Talman  have  a  number  of  properties  in  common.  As 
it  turns  out,  numerous  other  variable-dimension  algorithms  (i.e.,  all 
such  that  have  come  to  my  attention)  share  these  properties.  In  the 
next  chapter,  we  shall  define  a  special  complex  which  has  the  above- 
mentioned  properties.  And  we  shall  show  in  Chapters  IV  and  VII  that 
the  variable-dimensional  simplicial  algorithms  can  be  viewed  as  acting 
on  specific  realizations  of  this  complex. 
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CHAPTER  III 


V-COMPLEXES  AND  H-COMPLEXES 


3.0.  Introduction 

In  this  chapter,  we  define  a  particular  type  of  complex,  called 
a  V-complex.  We  define  adjacency  between  two  simplices  of  a  V-complex 
in  a  general  manner,  and  then  proceed  to  characterize  paths  generated 
by  the  adjacency  properties  of  V-complexes.  The  net  result  is  a  path 
following  scheme,  or  algorithm,  that  encompasses  a  variety  of  known 
algorithms,  and  lays  a  foundation  for  new  algorithms  as  well. 

The  concept  of  a  V-complex  and  the  adjacency  rule  for  simplices 
are  the  central  theme  of  this  dissertation. 

The  development  of  this  chapter  is  fairly  abstract,  and  directly 
uses  the  material  of  Chapter  I. 

3.1.  V-Complexes 

Let  K  be  a  simplicial  complex  with  vertices  K^.  Let  N  be 

a  fixed  finite  nonempty  set,  which  we  call  the  label  set.  Let  3  denote 

a  collection  of  subsets  of  N,  which  we  call  the  admissible  subsets  of  N. 

Kv  S 

Let  A(*)  be  a  set-to-set  map,  A:3  ->  2  \{0),  where  2  denotes  the 
collection  of  subsets  of  a  set  S.  K  is  said  to  be  a  V-complex  if  the 
following  eight  conditions  are  met: 
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i)  K  is  a  complex  with  vertices  }P 
ii)  3C2N 

iii)  Tea,  sea  implies  s  n  t  e  a 

iv)  A(» )  -»2K  \{0) 

v)  For  any  x  €  K,  there  is  a  Tea  such  that  x  e  A(T) 

vi)  For  any  S,  T  €  a,  A(S  ft  T)  =  A(S)  fl  A(T) 

vii)  For  T  €  a,  A(T)  is  a  subcomplex  of  K  and  is  a  pseudommanifold 
of  dimension  |T|,  where  |*|  denotes  the  cardinality  of  the  set. 

viii)  Tea,  T  U  { i)  e  a,  j  $  T  implies  A(T)  C  dA(T  U  (j)). 

Let  us  examine  these  properties,  (i),  (ii),  and  (iv)  reiterate  what 

has  been  said  in  the  preceding  paragraph,  (iii)  imposes  some  structure 
on  3,  namely  that  it  is  closed  under  intersections,  (v)  states  that  the 
map  A(‘)  covers  all  simplices  of  K.  (vi)  states  that  A(-)  is  a 
homomorphism  with  respect  to  intersections,  (vii)  states  that  each  A(T) 
is  an  appropriately-dimensioned  pseudomanifold.  Condition  (viii)  stipulates 
how  the  pseudomanifolds  A(T)  are  arranged  relative  to  each  other, 
namely  that  A(T)  is  part  of  the  boundary  of  A(T  U  (j)). 

As  an  example  of  a  V-complex,  consider  Kuhn's  subdivision  of 

2 

1  ,  as  is  used  in  Reiser's  algorithm.  Let  N  =  (41, +2).  Let  3  be 
the  collection  of  sets  (1),  (-1),  (2),  (-2),  (1,2),  (1,-2),  (-1,2),  (-1,-2) 
and  Let  K  be  the  complex  (actually  a  pseudomanifold  itself) 
associated  with  Kuhn’s  triangulation.  Then  for  each  T  €  3,  we  define 

A(T)  =  (x  £  K|v  £  x  implies  *"v|i|  >  0  for  each  1  e  T,  and  v^  »  0 

if  i  £  T  and  -i  £  T). 
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Figure  3.1 


Figure  3.1  illustrates  this  V-complex.  Note  that  for  matters  of  convenience, 
the  set  brackets  {  )  have  been  deleted.  In  the  figure,  A(^)  is  the 
origin,  A(i)  corresponds  to  one  of  the  four  axes  emanating  from  the  origin, 
and  A(i,j)  corresponds  to  one  of  the  four  quadrants* 

Figure  3.1  is  by  no  means  the  only  V-complex  associated  with 

2 

1R  .  Figures  3.2  and  3.3  demonstrate  other  V-complexes  associated  with 
2 

1R  ,  with  the  triangulations  omitted. 


Suppose  K  is  a  V-complex.  Let  x  £  K.  We  define 


T  =  n  T 
x  T  £  3 
x  £  A(T) 

then  is  the  smallest  set  T  such  that  x  £  A(T).  We  say  x  is  full 
if  |x|  =  |T  |  +  1.  x  is  a  full  simplex  if  it  is  a  maximum-dimension 
simplex  in  A(Tx). 

For  each  T  £  3,  we  also  define  d'A(T)  as 
d’A(T)  =  {x  £  dA(T) |T  =  T)  . 

We  illustrate  the  above  definitions  in  the  V-complex  in  Figure  3.4. 
In  the  figure,  the  left-most  vertex  of  the  2-simplex  is  A (90,  the 
"bottom"  line  segment  is  A(l),  the  left-sided  line  segment  is  A(2), 
and  the  simplex  itself  is  A(l,2), 


b 


Figure  3.4 


For  x  =  {d,e),  Tx  =  {1,2],  for  x  =  (f,g),  Tx  =  {1].  For 
x  =  {e, f,h),  Tx  =  {1,2}.  The  simplices  {a},  {f,g},  and  (e,h,f]  are 
all  full.  We  have  d'A(l)  =  (c),  d’A(2)  =  {b),  and  d'A(l,2)  is  the 
pseudomanifold  corresponding  to  the  line  segment  from  b  to  c.  Thus, 
while  both  and  {f,g)  are  elements  of  dA(l,2),  [k,i]  €  d'A(l,2) 

whereas  (f,g)  ^  8'A(1,2). 

When  T  =  0,  and  A(T)  contains  only  one  vertex,  we  define 
d'A(0)  =  (0),  so  in  this  case  d'A(0)  =  3A(0)  =  (0).  Thus,  in  Figure  3-^> 
d’A(0)  =  {0}. 

3.2.  Labelling  Vertices  and  Adjacency  on  V-Complexes 

Let  K  be  a  V-complex  with  label  set  N.  Let  L(’)  be  a  function 
that  assigns  to  each  v  £  an  element  i  £  N.  Such  a  function  L( • ) 
is  a  labelling  function.  For  a  simplex  x  =  {v^, ...,vm]  €  K,  we  define 
L(x)  =  UV£X  L(v)  .  L(x)  is  the  set  of  labels  spanned  by  the  elements 
of  x. 

We  define  two  distinct  simplices  x,  y  £  K  to  be  adjacent  (written 
x  ~  y)  if 

i)  x  and  y  are  full 
and  ii)  L(x  n  y)  =  T  U  T 

Note  that  adjacency  is  symmetric:  x  ~  y  if  and  only  if  y  ~  x. 

0 

Figure  3.5  represents  a  V-complex  whose  vertices  K  have 
labels  (•)•  In  the  figure,  we  have  the  following  adjacent  simplices: 
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Figure  3.5 


{ a)~(a,b]~(b,c)~{c,d)~i  c,d,u}~(u,d,w}~( u,w, v) 

(u,s,v)~{  s,u,  t)~(t,s,p}~{p,t,q)~{p,q)~{p,n)''(  n,m}~(  n,  m,  r)~(m,  r,K}~(  k,r,  s)~j  s,fc,v) 


(h,g,w}~(g,w,  e)~{  w,e,d)~!  d,eH  e,f)  . 


Observe  that,  in  the  figure,  any  full  simplex  is  adjacent  to  at  most  two 
other  simplices.  We  shall  see  later  on  that  this  is  true  in  general. 

Observe  also  that  the  adjacency  relationship  results  in  the  formation  of 
three  distinct  "paths”  of  simplices,  each  path  being  a  string  of  simplices 
adjacent  to  one  another. 

The  purpose  of  the  remainder  of  this  chapter  is  to  give  a  character¬ 
ization  of  these  paths.  However,  we  must  develop  the  theory  of  V- 
complexes  further  before  a  complete  characterization  is  possible. 

3.3.  H-Complexes 

Let  K  be  a  V-complex  with  label  set  N  and  admissible  sets 
3.  We  wish  to  "lift”  K  into  a  pseudomanifold  of  dimension  n  where 
n  =  |N|.  Without  loss  of  generality,  assume  N  =  (1, . . . ,  n} .  Let 
be  the  set  of  vertices  of  K.  We  define  artifical  vertices 
Let  C  =  Define  iP  =  K°  U  5.  Define 

“  (Qi  £  5|i  -  N  \  T] .  We  now  define: 

K  =  (x  U  Q|x  U  Q  J  <f,  x  c  K,  Q  C  ^  }. 

x 

We  have  the  following: 

Theorem  3.1.  K  is  an  n-dimensional  pseudomanifold. 

PROOF.  Clearly  R  is  closed  under  nonempty  subsets,  and  so  is  a  complex. 
Let  x  U  Q  £  R.  Then  there  exists  y  C  A(T  )  that  is  full  and  y  D  x. 
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Let  P  =  Qy  .  Then  we  have  x  U  (C  y  U  P  £  S,  Furthermore, 
x 

|y  U  P|  =  | y |  +  |p|  =  |y|  +  n  -  |Tj  =  |y|  +  n  -  (|y|-l)  =  n+1  . 

Therefore  every  simplex  in  K  is  a  subset  of  an  n-simplex  in  R.  And 

clearly,  R  is  closed  under  nonempty  subsets.  It  only  remains  to  show 

that  each  (n-l)-simplex  of  R  is  contained  in  at  most  two  n-simplices. 

Let  x  =  x  U  Q  be  an  n-simplex  in  R,  and  let  y  C  x  be  an 

(n-l) -simplex  in  R.  Suppose  y  (  z  /  x,  and  z  is  an  n-simplex  in  R, 

We  aim  to  show  that  z  is  uniquely  determined  by  x  and  y.  Since  x 

is  an  n-simplex,  x  is  full  and  .  We  have  three  cases: 

x 

Case  1,  y  -  x  \  t  q .  for  some  a,  €  G  .  Let  z  =  z  U  £  .  If  z  =  x, 

-  '  i  i  x  z 

then  C  =  C  ,  and  so  z  -  x,  a  contradiction.  Therefore  z  4  x.  But 
z  x 

since  z  Z>  x,  we  must  have  z  =  x  U  lw)  for  some  w.  Therefore  Q ^  (q^j, 

and  so  Tz  =  Tx  u  1 J •  By  property  (viii)  of  V-complexes,  the  choice  of 
w,  and  hence  z,  is  unique. 

Case  2,  y  =  x\i  v  for  some  v  £  x,  and  x  \  vj  is  not  full.  We 
can  write  y  -  y  U  Gx  where  y  -  x  \  l v } .  Since  y  is  not  full,  we 
must  have  z  =  y  U  lw}  for  some  w  K^,  w  4  y ,  and  hence 
whence  T^  =  T^.  The  choice  of  w  is  uniquely  determined,  since  A(T  ) 
is  a  pseudomanifold. 
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Case  3.  y  =  x  \  (vj  for  some  v  £  x,  and  x  \  {v)  is  full.  Again  we 
write  y  =  y  u  where  y  =  x  \  (v).  Since  y  is  full,  Ty  =  Tx  \  (i) 
for  some  i  £  T  ,  and  by  property  (viii)  of  V-complexes,  y  £  dA(T  ). 

Hence  we  cannot  have  z  =  y  U  (wj  for  any  w  £  K°.  Therefore  the  unique 
n-simplex  of  R  containing  y  is  z  =  y  U  ^  U  i^).  ® 


We  illustrate  this  result  in  Figures  3.6,  3.7,  and  3.8. 


3  -  U,  {1},  {2},  {1,2}} 


A(l,2 


Iran 

fJBBOm 


Figure  3.6 


In  Figure  3.8,  A (00  consists  of  the  north  and  south  "poles"  of  the  circle 
and  A(l),  A(2)  are  the  right  and  left  arcs,  respectively. 

Our  next  task  is  a  characterization  of  the  boundary  of  K  . 

Theorem  3.2.  3K  =  US^,  where 

51  =  {y  U  Qy  G  K|y  G  3’A(Ty)},  and 

52  =  {y  U  Qy  G  K|N  \  {i\q±  G  Qy}  &  3). 

PROOF.  We  first  prove  that  S..  C  SR.  Let  y  =  y  U  Q,  be  a  maximal 

"  y 

element  of  S, .  Then  y  G  dfA(T  )  and  Q  =  Q_  .  The  only  n-simplex  that 

y  y  y 

contains  y  is  of  the  form  y  U  {v}  U  where  v  is  uniquely  determined 
since  y  €  dfA(Ty).  Therefore  C  aR. 

Next  we  prove  that  C  aR.  Let  y  -  y  U  be  a  maximal  element 
of  S^.  Then  y  is  full  and  \  {q^}  for  some  i,  where 

T^  U  ( i )  (jt  3.  Let  x  =  y  U  (a)  be  an  n-simplex  in  R.  We  need  to  show 
a  is  uniquely  determined.  We  cannot  have  a  €  since  the  set 

T  U  { i }  $  3,  Hence  a  =  q.  for  some  3.  Suppose  if  i.  Then 

y  j 

T  U  {i}\  lj)  £  3,  and  in  fact  T^  =  T^  U  { i }  \  ( 3 ) ,  whereby  3  =  i, 
a  contradiction.  Therefore  a  =  q^,,  and  so  C  aR.  Therefore 

s1  u  s2  c  aR. 

Now  let  us  prove  the  converse.  Let  x  =  x  U  be  an  n-simplex 

x 

in  R  and  let  y  C  x  be  an  element  of  aR,  where  y  =  y  U  Q.  We  have 
two  cases: 
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Case  1.  x  =  y  U  {v}.  Clearly  we  must  have  y  £  SA(Tx).  If  y  were 
full,  then  y  C  y  U  ,  and  so  y  4  SR#  Therefore  y  is  not  full. 

y 

Hence  y  £  S^. 

Case  2.  CL  =  Q  U  (qj  for  some  q.  4  Q.  Suppose  n\  ( i | q.  €  Q)  £  3. 

x  J  J 

This  means  that  U  (j)  €  3.  But  then,  by  property  (viii)  of  V-complexes, 

there  is  a  unique  v  £  s.t.  y  U  (v)  £  A(Tx  U  (j)).  Hence 

y  C  y  U  {v}  U  Q  £  R,  and  hence  y  4  ^R,  a  contradiction.  Therefore 
N  \  { i  |  qi  £  Q]  4  3,  and  y  £  S2 . 

Therefore  SR  C  U  S^,  so  SR  =  U  S^. 


3#l+#  Labelling  Vertices  and  Adjacency  on  H -Complexes 

Let  K  be  a  V-complex  and  R  its  associated  H-complex.  Let 
L(#)sK^->N  be  a  labelling  function  on  We  extend  L(*)  to 

by  the  simple  rule  that  L(q^)  =  i  for  each  q^  £  5,  thereby  obtaining 
a  labelling  function  on  K 9.  Let  x  be  a  simplex  in  R.  We  define 
L(x)  =  U^-  L(v). 

We  define  two  distinct  n-simplices  x,  y  £  R  to  be  adjacent 
(written  x  ~  y)  if 

i)  x  and  y  are  n-simplices 
and  ii)  L(x  n  y)  =  N. 

The  above  definition  of  adjacency  is  quite  standard  for  labelling  functions 
on  pseudomanifolds  (see  Gould  and  To lie  [14]  or  Lemke  and  Grotzinger  [30] ). 
Note  that  if  x  ~  y,  x  and  y  must  be  neighbors. 
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Characterization  of  Paths  on  H-Complexes 


Let  K  be  a  V-complex,  R  its  associated  H-complex,  and  let 
L(*)  be  a  labelling  function  on  K,  extended  to  R.  The  following  theorem, 
whose  proof  we  omit,  follows  from  the  standard  ”  ghost  story1  argument 
of  complementary  pivot  theory  (see  Lemke  [29],  Gould  and  Tolle 
[lU],  Kuhn  [22],  Eaves  [  5  ]>  or  Scarf  [3U]). 

Theorem  3«3»  Let  x  be  an  n-simplex  of  R.  Then  x  is  adjacent  to  at 
most  two  other  n-simplices  of  R.  If  x  is  adjacent  to  only  one  n-simplex 
of  K,  then  there  is  a  unique  (n-l) -simplex  y  C  x  such  that  L(y)  =  N 
and  y  £  dK.  ® 

We  define  B  =  (x  £  S1|L(x)  =  N]  and  G  =  {x  £  Sg|L(x)  =  N) . 
Proposition.  B  H  G  -  0. 

PROOF ,  Suppose  x  £  G.  Then  |xj  =  n,  so  x  is  a  maximal  element  of 
S2.  We  can  write  x  =  x  U  Q,  where  x  is  full.  But  then  x  S^, 
since  otherwise  x  is  not  full.  Therefore  x  ^  B  .  g) 


With  the  help  of  Theorem  3.3,  we  can  construct  and  characterize 
’’paths"  on  R.  Let  (x^)^  be  a  maximal  sequence  of  n-simplices  of  R 
such  that  L(x^)  =  N,  x^  ^  x^+^  and  x.  ^  /  xi+l  ^or  any 
is  a  right-endpoint  of  the  sequence,  define  x^+1  to  be  the  unique  subset 
of  xR  such  that  L(^k+]_)  =  N  and  xfe+1  1  dR.  If  x^  is  a  left-endpoint 
of  the  sequence,  define  x^  ^  to  be  the  unique  subset  of  x^  such  that 
L(Xr  =  N  and  x^  ^  £  >R.  The  new  sequence,  with  possible  endpoints 
added,  is  called  a  path  on  K.  Note  that  endpoints  are  elements  of  S  U  5. 


We  can  characterize  paths  on  K  as  one  of  six  types. 


e  I.  where  the  sequence  has  no  endpoints,  and 

i)  x.  ~  x.  for  all  -*»  <  i  <  +^> 

'  1  i+l 


ii)  x  ^  x.  for  any  i  ^ 
l  J 


e  II,  (x.).  where  the  sequence  has  no  endpoints,  and 


1)  ~  xi+1 

ii)  t  5.4 


f  or  all  -oo  <  i  <  +oo 


for  all  — oo  <  i  <  4do 


iii)  There  is  an  m  >  2  such  that  x.  =  x.  ,  for  all  -oo  <  i  <  +» 

i  l+m 

iv)  f°r  any  0  <  k  <  m. 


e  III.  (x^)^  where  the  sequence  consists  of  only  three  elements, 
say  50,  5X,  x2,  and 

i)  xQ,  x2  e  G  U  B,  x0  t  x2 

ii)  L(xx)  =  H 

ii)  x^  is  an  n-simplex  and  xQ,  x^  C  x^. 

(x^)^  has  more  than  three  elements,  and  has  two  endpoints, 
say  Xq  and  x  ,  and 
i)  x0,  xm  G  5  U  S,  and  xQ  /  xm 


ii)  x. 


x^+1  for  all  0  <  i  <  m-1 


iii)  x.  ^  x.  for  any  i^j,  0  <  i,  j  < 


Type  V.  (x^)^  has  only  a  left  endpoint,  say  Xq,  and 

i)  xQ  £  5  U  B 

ii)  x^  ~  for  all  i  >  0 

iii)  x.  /  x  for  all  i,  j  >  0,  i  ^  j. 

^  J 

Type  VI.  has  only  a  right  endpoint,  say  x^,  and 

i)  x  G  G  U  B 
'  m 

ii)  x±-1  ~  x±  for  all  i  <  m 

iii)  x  fl  x  for  all  i,  j  <  m,  i  /  j. 

J 

A  type  I  path  stretches  infinitely  in  both  directions,  A  type  II 
path  is  a  loop,  A  type  III  path  is  a  "degenerate”  path  consisting  of 
one  n-simplex  and  two  of  its  (n-l)  subsimplices.  A  type  IV  path  is  a 

path  with  two  endpoints.  A  Type  V  or  Type  VI  path  consists  of  one 

endpoint  and  stretches  infinitely  in  one  direction.  A  Type  III  path 
is  illustrated  in  Figure  3.9. 

In  the  applications  of  V-complexes  and  H-complexes,  it  is  the 
endpoints  of  paths  that  are  of  interest.  We  have  the  following  lemmas. 

Lemma  3.*+.  Let  x  G  K.  Then  x  is  an  endpoint  of  a  path  if  and  only 
if  x  €  G  U  B. 

PROOF.  If  x  is  an  endpoint  of  a  path,  by  definition  x  G  5  U  8, 

Conversely,  let  x  G  G  U  B.  There  is  a  unique  n-simplex  z  =  x  U  {a} 

for  some  a  G  and  L(z)  =  N.  We  can  construct  a  path  starting  at 
x  =  xQ,  x  =  z,  etc.  £> 
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Corollary  3.5.  If  K  is  finite,  S  and  G  have  the  same  parity. 

PROOF.  If  K  is  finite,  the  total  number  of  endpoints  of  paths  is  finite 
and  even.  Each  endpoint  is  in  exactly  one  of  the  two  sets  above;  hence, 
they  have  the  same  parity.  8 


3.6.  Characterization  of  Paths  on  V-Complexes 

The  characterization  of  paths  on  V-complexes  is  achieved  by 
establishing  a  certain  equivalence  relationships  between  V-complexes  and 
H-complexes.  The  first  equivalence  is  given  in  the  following  lemma. 

Lemma  3.6.  Let  x  and  y  be  n-simplices  on  K.  Let  x  =  x  U  Q^, 

y  =  y  U  Qy.  Then  x  ~  y  if  and  only  if  x  ~  y. 

PROOF.  Suppose  x  ~  y.  This  means  L(x  fly)  =  N.  We  have 

N  =  L(x  fl  y)  =  L(x  0  y)  U  L(Qv  fl  Q  )  =  L(x  D  y)  U  ((N\T  )  fl  (N\T  )). 

x  y  x  y 

Therefore 

l(x  n  y)  =  n\  ((n\t  )  n  (n\t  ))  =  n\(n\(t  u  t  ))  -  t  u  t  . 

v  x  y  x.  y  a  y 

Thus  we  see  that  L(x  H  y)  =  T  U  T  ,  and  so  x  ~  y.  The  same  argument 

x  y 

in  reverse  shows  that  if  x  ~  y,  then  x  ~  y.  8) 

Define  G  =  tx  C  K|x  is  full,  L(x)  D  Tx,  and  L(x)  $  3  ). 

G  can  be  thought  of  as  the  goal  set,  for  in  most  applications  of  V-complexes, 
the  algorithm  searches  for  an  element  of  G. 

Define  B  =  [x  €  K|x  G  d* A(T  ),  and  L(x)  =  T  ).  We  have  the 


following  lemmas: 


Lemma  3.7.  Let  x  £  K,  and  let  x  =  x  U  .  Then  x  €  B  if  and  only 

x 

if  x  £  B. 

PROOF.  Let  x  £  B.  L(x)  =  T^.  L(x)  =  L(x)  U  L(Qt  )  =  Tx  U(N  \  T*)  =  N. 

x 

Furthermore,  x  €  8fA(Tx),  so  ic  €  S2*  Therefore  x  £  S. 

Conversely  let  x  £  B.  Then  x  £  dfA(Tx)  and  L(x)  =  n\l(Q^,  ) 

x 

=  n\(N\T  )  ~  T  ,  whence  x  £  B.  0 

x  x 


Lemma 


3.8.  Let  x  £  K  and  L(x)  D  T^,  and  let  x  =  x  U  Q^x^.  Then 


x  £  G  if  and  only  if  x  £  G. 

PROOF.  Let  x  £  G.  Then  L(x)  =  T__  U  { j }  for  some  j  ^  T_,  where 
^ x  x 

Tx  U  { j)  4  s*  Ql(x)  =  Rj.  \  tajj  C  Qj  ,  so  X  £  ic.  Also, 

N  \  {i|q.  £  =  N  \  (N\(Tx  U  { j } ) )  =  U  lj)  ^  3  .  Furthermore, 

L(x)  =  L(x)  U  l(^1j(x))  “  L(x)  u  (®  \  (L(x))  =  N.  Therefore  x  £  G. 

Conversely,  let  x  €  G.  Then  L(x)  =  N  \  {i|q^  £  Qj^xj)  &  3  . 
Hence  x  £  G.  & 

Let  x  £  K  be  full.  We  define  the  degree  of  x,  written  deg(x), 
to  be  the  number  of  distinct  simplices  of  K  adjacent  to  x. 

Lemma  3*9.  For  any  x  £  K,  deg(x)  <  2. 

PROOF.  From  Lemma  3.6,  we  have  x  ~  y  if  and  only  if  x  ~  y,  where 

x  =  x  U  Q  and  y  =  y  U  9^  .  Since  x  is  adjacent  to  at  most  two 

x  y 

simplices,  so  is  x.  & 
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With  the  help  of  Lemma  3.9>  we  can  construct  paths  on  K.  Let  (x^)^ 

be  a  maximal  sequence  of  full  simpliees  in  K  such  that  ~  xi+i^ 

x.  ,  /  x  ,  and  L(x  )  D  T  .  (Note  that  if  x  ~  x  then  L(x.)  DT  .) 

i — 1  i  ■  1  i  Xi  1  Li  l 

Let  xk  be  a  left  endpoint  of  the  sequence.  Then  x^  is  a  left  endpoint 
of  the  associated  sequence  in  R.  Define  x^  ^  as  in  Section  3*5>  and 
define  ^  such  that  x^  ^  ^  U  Q  for  appropriate  Q  C  5,  Like¬ 
wise,  if  is  a  right  endpoint,  define  analogously.  The  new 

sequence,  with  possible  endpoints  added,  is  a  path  on  K. 


We  have  the  following  characterization  of  endpoints  of  paths 


on  K. 


Lemma  3.10.  Let  x  c  K,  Then  x  is  an  endpoint  of  a  path  on  K  if 


and  only  if  x  £  G  U  B. 


PROOF .  Let  x  be  an  endpoint  of  a  path  on  K.  Then  x  ~  x  U  Q  (for 
appropriate  choice  of  Q  C  C)  is  an  endpoint  of  a  path  on  R. 
x6GUB.  So  xGGUB.  & 


Lemma  3,11.  If  K  is  finite,  B  and  G  have  the  same  parity. 


PROOF.  B  and  G,  by  definition,  have  no  simpliees  in  common.  There  is 
a  one-to-one  correspondence  between  elements  of  B  (G)  and  elements  of  B 
(5).  Also,  if  K  is  finite,  so  is  K.  Thus,  by  Corollary  3*5>  B  and 
G  have  the  same  parity. 


We  thus  see  a  complete  equivalence  between  paths  on  K  and  on  R. 
Hence  we  can  classify  paths  on  K  as  one  of  six  types. 
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Type  I.  (x^)^,  where  the  sequence  has  no  endpoints,  and 

i)  x .  x .  _  for  all  i 

1  1  l+l 

ii)  x.  /  x.  for  all  i  i  j. 

i  J 

Type  II.  (x^)^,  wiiere  the  sequence  has  no  endpoints,  and 

i)  x.  ~  x. for  all  i 
l  l+l 

ii)  x.  .  x .  _  for  all  i 
l-l  l+l 

iii)  There  is  an  m  >  2  such  that  x.  =  x.  for  all  i 
7  l  l+m 

iv)  x.  /  x_.  for  all  i,  all  0  <  k  <  m. 

y  i  l+k 

Type  III.  where  the  sequence  consists  of  only  three  elements, 

say  xQ,  Xp  x2,  and 

i)  xQ,  Xg€  G  U  B 

ii)  L(xx)  C  Tx 

iii)  x^  is  full  and  xQ,  x^  C  x^. 

Type  IV.  has  more  than  three  elements,  and  has  two  endpoints, 

say  Xq  and  x^,  and 

i)  x^,  x  C  G  U  B  and  x~  4  x 

Cr  m  0  '  m 

ii)  x ,  ~  x ,  _  for  all  0  <  i  <  m-1 
i  l+l 

iii)  x  4  x  for  any  i  /  j,  0  <  i,  j  <  m. 

J 

Type  1-  has  only  a  left  endpoint,  say  xQ,  and 

i)  xQ  €  G  U  B 


hO 


for  all  i  >  0 


ii)  x.  ~  xi+1 


for  any  1,  j  >  0,  i  /  j. 


iii)  4  Xj 

Type  VI.  (x.  ),  has  only  a  right  endpoint,  say  x_,  and 
— H  ii  m 


i) 

x  e  G  U  B 
m 

ii) 

x.  n  ~  X. 
l-l  l 

for 

all 

iii) 

X.  i  X  , 

1  J 

for 

all 

3.7.  The  Algorithmic  Development 

There  are  two  ways  to  develop  an  algorithm  based  on  a  V-complex 
and  a  labelling  function  L(#)>  depending  on  the  nature  of  the  set  A($). 

If  A (<jl)  consists  of  a  single  0-simplex,  say  {w}  and  the 
empty  set  then  (j(  €  B,  since  $  £  dfA {(j/)  and  L(^)  -  $  =  T^.  Thus 
our  algorithm  consists  of  following  a  path  whose  endpoint  is 

If  A(flO  consists  of  two  0-simplices,  say  { v }  and  {w},  we 
have  v  ~  w,  since  L({v}  0  [w})  =  L(^)  =  (jf  -  $  U  $  =  U  T^.  Thus 

the  algorithm  consists  of  following  the  path  containing  (v}  and  {w} 
in  one  or  both  directions. 


3.8.  Concluding  Remarks 

The  purpose  of  this  chapter  has  been  to  show  how  to  construct  and 
follow  paths  on  V-complexes.  We  used  the  construction  of  an  H-complex  to 
expedite  the  development  of  the  theory.  However,  path  following  on 
H-complexes  is  an  "ordinary"  phenomenon  familiar  to  researchers  in 
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complement  rv  pivot  theory,  since  a:.  it-eomplex  is  an  n-dimensional  pseudo¬ 
manifold.  The;  *jre,  viewed  properly,  path  following  on  V-complexes , 
which  seems  to  be  . f  of  the  ordinary,  is  equivalent  to  path-following 
on  n-dimensional  pst  :  manifolds,  and  can  be  viewed  as  the  " project  ion" 
onto  K  of  path-follow.’  on  K. 

In  most  algorithms  v  aseci  on  V-complexes,  we  search  for  an  element 
of  3.  We  have  seen  that  the  rt  3  is  derived  from  the  structural 
properties  of  , ,  and  nence  the  w  c/  our  complex  K  is  diviaed  up  into 
the  A(T)  is  intimately  connected  what  we  can  expect  to  look  for  in 
an  algorithm  on  K.  Conversely,  suppo‘>  ve  wish  to  find  elements  x  of 
K  with  certain  labels  Lm.x;  u  G,  where  C  .s  some  set.  If  we  can 
divide  the  space  into  A ( T ) ,  T  ..  ,  such  that  arises  from  -d, 

we  are  close  to  our  stated  purpose. 


CHAPTER  IV 


COMBINATORIAL  LEMMAS 


' .  ' .  Introduction 

In  Chapter  III,  we  developed  the  theory  of  V-complexes  and 
H-complexes,  and  showed  how  to  trace  paths  on  these  complexes.  In  this 
chapter,  we  apply  this  theory  to  give  constructive  proofs  of  five  com- 
oinatorial  lemmas.  We  prove  Sperner’s  Lemma  [40],  and  show  that  Kuhn!s 
algorithm  for  Sperner’s  Lemma  [44]  is  a  specific  instance  of  path-follow¬ 
ing  on  a  V-complex.  We  next  prove  a  generalization  of  Sperner’s  lemma. 

We  then  pr  ve  three  lemmas  on  the  n-cube:  the  Tucker  lemma  [42],  Kuhn’s 
lemma  [■!],  and  a  new  combinatorial  lemma  on  the  n-cube. 

-.1.  Sperner’s  Lemma  and  Kuhn’s  Algorithm 

Let  3n  -  x  C  !Rn|x>  0,  eTx  =  1 5 ,  and  let  C  be  a  triangulation 

p 

of  3  \  Note  that  "  induces  a  triangulation  of  each  face  of  S  .  Let 
K  consist  of  the  vertices  of  the  triangulation  C,  and  let  K  be  the 

pseudrvr.an]  fold  corresponding  to  C.  L(*):K^  ->  { 1,  ...,nj  is  defined  to 
ne  a  proper  labelling  of  if  for  each  v  £  K^,  v^  =  0  implies 

L  v)  *  i.  A  simplex  x  K  is  said  to  be  completely  labelled  if 
Lx  (1. .  ..,n  .  We  can  now  st^te  and  prove: 

lemma  -.1  Crerner’s  Lemma).  Let  C  triangulate  Sn  and  let  L(*)  be 
a  proper  labelling.  Then  there  are  an  odd  number  of  completely  labelled 
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simplices  of  C. 


PROOF.  Our  first  task  is  to  set  up  a  V-complex  on  K.  To  do  so,  we 
define  N  -  {1,  , . . ,  n  j  and  3  “  {T  C  N| n  ^  T,  1  <  i  £  T  implies  i-1  £  T ) . 

3  is  then  the  collection: 

{1},  {1,2],  {1,2,33,  ...  ,  {1,2,3, ... , n-l] . 

For  T  =  we  define  A(T)  =  10,  (e1)).  For  0  f  T  £  3,  T  =  {.1, 
for  some  unique  integer  m.  Then  we  define  A(T)  to  be  the  pseudomanifold 
induced  on  the  face  (x  €  Sn|x^  =  0  for  i  >  m+1).  (This  construction  is 
illustrated  for  n  =  2  in  Figure  1.1.) 


3 

e 


* - A(l)  - ^ 


Figure  4.1. 


It  is  simple  to  verify  that  K,  and  A( • )  define  a  V-complex. 

Our  second  task  is  to  examine  the  set  B.  We  know  that  $  £  B, 
since  A(^)  contains  only  one  O-simplex.  Suppose  0  £  x  =  (v\ £  B. 
Then  L(x)  =  and  x  £  5'A(Tx).  Thus  |x|  =  | T^ |  =  t,  and  so 
T  =  {1, . ..,t).  Therefore  L(x)  =  {1,  ...,t).  But  x  £  d*A(T  )  implies 
that  there  is  an  i,  1  <  i  <  t+1,  such  that  =  0  for  all  j  =  1, ...,t. 

If  i  <  t+1,  then  we  cannot  have  L(v^)  =  i  for  any  j  ~  1,  ...,t  since 
L(*)  is  a  proper  labelling.  But  i  C  L(x).  Therefore  i  =  t+1.  But 
then  T^  =  [1, ...,t-l},  a  contradiction.  Therefore  B  consists  only  of 
0,  i.e.  B  =  4). 

Our  third  task  is  to  examine  the  set  G.  Let  x  =  i.v\  .  .  . ,  v^+1) 
be  in  G. 

Then  T  =  (1,  .  ,.,t).  L(x)  Z>  T  and  L(x)  4  3.  Therefore 

x  x 

either  L(x)  =  {l,...,nj,  or  L(x)  =  [l,...,t,  sj  where  s  >  t+1.  The 
latter  cannot  occur,  since  for  s  >  t+1,  v^  =  0  for  all  j  =  1,  ...,t+l, 
and  hence  s  ^  L(x)  because  L(')  is  a  proper  labelling.  Thus  G  is 
the  set  of  completely  labelled  simplices. 

From  Lemma  3.11,  we  know  that  G  and  B  have  the  same  parity. 
Therefore  G  is  odd,  proving  that  there  are  an  odd  number  of  completely 
labelled  simplices.  Z 

Kuhn’s  algorithm  for  Sperner's  lemma  [44]  corresponds  to  follow¬ 
ing  the  path  from  B  =  [$;  to  an  element  of  G.  Figure  ^.2  illustrates 
this  algorithm. 


4.2.  A  Generalization  of  Sperner1 s  Lemma 


As  in  Section  4.1,  we  define  Sn  =  lx  £  lRn|x  >  0,  e^x  =  1} 
and  let  C  be  a  triangulation  of  Sn.  Let  K°  be  the  set  of  vertices 
of  C,  and  let  K  be  the  pseudomanifold  corresponding  to  C.  Let 
L(*):K^  -Ml,  ...,nj  be  a  labelling  function.  Let  x  =  [v^, 
be  a  simplex  of  K.  We  define  S(x)  =  (i|v^  >0  for  some  j  =  1, ...,t}. 

We  have  the  following: 

Lemma  4.2.  (Generalized  Sperner  Lemma).  Let  C  triangulate  Sn.  Then 
there  are  an  odd  number  of  nonempty  siraplices  x  such  that  L(x)  =  S(x). 

Before  proving  this  lemma,  we  make  a  few  observations.  For  a 
given  simplex  x,  S(x)  is  the  "  index  set*1  of  the  smallest  face  contain¬ 
ing  x.  Thus  if  the  smallest  face  of  Sn  containing  x  is 
i,  i 

(e  ,...,e  m),  then  S(x)  =  { i  ,  . . . ,  i^} .  If  S(x)  =  L(x),  then 
L(x)  =  {i^, . . i^} .  Such  a  simplex  x  is  said  to  be  " completely  labelled 
in  its  face.”  The  reason  this  lemma  is  a  "generalization"  of  Sperner* s 
lemma  is  that  we  have  relaxed  the  requirement  that  L(-)  be  a  proper 
labelling;  yet  we  still  are  able  to  deduce  an  interesting  conclusion. 

PROOF .  As  in  the  proof  of  lemma  4.1,  we  first  construct  a  V-complex. 

Let  N  -  { 1, . . . ,  n) ,  and  let  3  =  {TCN|n^T).  We  define  A(gQ  =  {0,  ( en) ) , 
and  for  T  £  55,  T  we  define  A(T)  to  be  the  pseudomanifold  induced 

by  C  on  the  face  (x  £  S11^  =  0,  i  /  n,  i  T) .  It  is  simple  to  verify 
that  K,  A(*)j  and  3  define  a  V-complex.  (This  V-complex  is  illustrated 
in  Figure  4.3,  for  n  =  2.) 
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Let  x  €  G.  Then  x  is  full,  and  L(x)  D  T  ,  and  L(x)  ^  3  . 

L(x)  =  T  U  (n).  Also,  since  x  is  full  S(x)  =  T  U  In}. 

X  X 

Thus  x  is  completely  labelled  in  its  face. 

Suppose  x  G  B,  and  x  ^  Then  L(x^  -  T  ,  and  x  £  d’A(T  ). 

x  x 

Let  x  be  written  as  x  =  x  £  d'A^^)  implies  v*  =  0 

for  all  i  =  1, Therefore  S(x)  =  Thus  x  is  completely 

labelled  in  its  face. 

Conversely,  suppose  S(x)  =  L(x)  for  a  given  x.  Then  if 
n  £  S(x),  we  must  have  L(x)  $  3  .  But  also  L(x)  D  T  .  Therefore 
x  £  G.  On  the  other  hand,  if  n  S(x),  we  have  T^  =  S(x)  =  L(x) 
and  x  £  d*A(Tx).  So  x  £  B. 

Thus,  G  U  B  is  the  set  of  nonempty  x  such  that  L(x)  =  S(x). 

By  Lemma  3.11,  G  U  b  \  {$}  has  an  odd  number  of  elements,  proving  the 
lemma.  $ 

An  algorithm  for  computing  an  element  G  U  B  \  {^0  consists  of 
following  the  path  whose  endpoint  is  The  other  endpoint  of  the  path 

is  a  simplex  x  /  <jt  for  which  L(x)  =  S(x).  See  Figure  ^.4. 

As  a  byproduct  of  the  Generalized  Sperner  Lemma,  we  have  a  lemma 
due  to  Scarf  [35],  which  is  a  "dual"  of  the  Sperner  Lemma,  In  Scarf’s 
lemma,  vertices  on  the  boundary  receive  labels  in  the  complement  of  the 
set  that  gives  rise  to  a  proper  labelling. 

Corollary  U.3  (Scarf’s  Lemma).  Let  C  triangulate  Sn,  such  that  no 
simplex  of  C  has  a  nonempty  intersection  with  every  face  of  Sn. 
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Let  L{*):K  {1, .  ..,n)  be  a  labelling  function  such  that  if 

v  £  >  0  then  L(v)  /  i.  Then  there  are  an  odd  number  of 

x  such  that  L(x)  = 


Figure  4.4.  Path  from  4>  to  an  element  x  such  that  L(x) 
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PBOOF.  The  proof  follows  directly  from  the  Generalized  Sperner  Lemma. 
Since  L(-):K°  ->  (1,  ...,n),  there  are  an  odd  number  of  simplices  x 
that  are  completely  labelled  in  their  face.  Let  x  be  one  such  simplex. 
Suppose  L(x)  =  T  /  [1,  ...,n}.  Then  for  each  v  £  x,  vi  =  0  for  i  ^  T. 
But  by  design  of  L(*)>  for  each  i  :  T,  there  is  a  v  £  x  such  that 
=  0.  Thus  x  meets  every  face  of  Sn,  a  contradiction.  Thus 
L(x)  -  {1, .  ..,n}. 

^.3.  Tucker's  Lemma  on  the  n-Cube 

Let  p  be  a  positive  integer  and  let  Cn  =  {x  £  lRn|  -pe  <  x  <  pe), 
an  n-dimensional  cube  in  ]Rn.  Let  C  be  Todd's  Uni  on- Jack  tri  angulation 
[Ul]  of  restricted  to  Cn.  Let  yP  be  the  vertices  of  C  and  let 

K  be  the  pseudomanifold  corresponding  to  C.  Let  x  =  (v°, . ..,v^}  £  K. 
Then,  by  the  symmetry  of  the  Union- Jack  triangulation,  {-v°, . . . , -v^)  £  K. 
We  define  -x  ^  (-v^, . . . , -v^ j .  Let  L {*):yP  ->  (1, . . . , n, -1, . . . , -n]  be  a 
labelling  of  such  that  v  £  9k  implies  L(v)  =  -L(-v),  i.e.  L(’) 

is  odd  on  the  boundary  K. 

Note  that  is  simply  the  integral  points  of  Cn. 

We  have  the  following: 

Lemma  h . h  (Tucker’s  Lemma).  Let  L(.)  be  a  labelling  of  the  integral 
points  of  Cn,  which  is  odd  on  the  boundary  of  Cn.  Then  there  exists 
integral  points  v’,  v",  such  that  ||  v*  -v,f  || ^  =  1,  and  L(v')  =  -L(v"). 
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PROOF.  We  first  construct  a  V-complex.  Let  N  =  (1, . . . ,  n, -1, . . . ,  -n), 
and  let  3  =  IT  C  N|  i  ;  T  implies  -i  0  Tj.  Let  A(0)  =  [0,  {0}},  and 
for  0  0  T  G  $5,  let  A(T)  be  the  pseudomanifold  corresponding  to  the 
restriction  of  C  to  the  region 

(x  6  3Rn|i«|i|  >  0  for  i  €  T,  and  =  0  if  neither  i  nor  -iGT). 

It  is  simple  to  verify  that  K,  5  ,  and  A(*)  define  a  V-complex.  (Such 
a  V-complex  is  illustrated  in  Figure  4.5,  for  n  =  2  and  p  =  4.) 

Let  us  now  examine  the  set  B.  0  £  B,  so  B  has  at  least  one 

element.  Let  0  /  x  £  B.  Then  x  £  d'A(Tx)#  For  any  0  0  T  €  3, 

^'ACT)  C  dK. 

Therefore,  x  €  bK.  Also  L(x)  =  T^.  Furthermore,  -x  G  bK, 
and  L(-x)  =  (-ijicT^),  and  in  fact  T  x=  ,-ijiGT^}.  Therefore, 

-x  €  B.  Thus  we  see  that  except  for  0 ,  B  consists  of  pairs  of  the 
form  x,  -x.  Therefore  B  has  an  odd  number  of  elements,  and  so  must 
G,  by  Lemma  3.11. 

Thus  there  is  an  element  x  G  G.  Thus  there  are  two  vertices 
of  x,  say  vf  and  v”,  such  that  L(v* )  =  -L(v").  And  since  vf  and 
v”  are  elements  of  x,  ||  v?-v"||  =  1,  proving  the  lemma.  ® 

00 

An  algorithm  for  finding  a  pair  v*,  v"  consists  of  following 
the  path  that  orignates  with  0 .  If  its  endpoint  is  an  element  of  G, 
stop.  If  it  is  an  element  x  of  B,  reinitiate  the  path  at  -x.  Con¬ 
tinuing  in  this  fashion,  an  element  of  G  will  be  found.  For  a  complete 
description  of  the  pivot  rules  for  this  algorithm,  see  Freund  and  Todd  [11]. 
See  Figure  4.6  for  a  sample  path. 
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Figure  4.6. 


Unlike  the  first  two  combinatorial  lemmas  of  this  chapter,  we 
cannot  assert  that  there  are  an  odd  number  of  pairs  v’,  v"  with 
L(v’)  =  -L(v" )  and  ||  v*  —  v”  ||  =  1.  This  is  because  not  all  such  pairs 

are  subsets  of  elements  of  G.  Nevertheless,  we  can  assert  that  there  is 
at  least  one  pair.  Figure  4.7  illustrates  an  instance  of  Tucker’s  lemma 
where  the  number  of  such  pairs  is  six,  an  even  number. 


Figure  4.7. 


4.4.  Kuhn*  s  Lemma 

Let  p  be  a  positive  integer  and  let  Cn  =  (x  €  ]Rn|  0  <  x  <  pe 

an  n- dimensional  cube  in  TRn  #  Let  C  be  KuhnT  s  triangulation  of  ]Rn 
n  0 

restricted  to  C.  Let  K  be  the  vertices  of  C,  i.e.  the  integral 
points  of  Cn.  Let  K  be  the  pseudomanifold  corresponding  to  C.  Let 
I  =  (y  €  ]Rn|  yt  =  o  or  1  for  i  =  l,...,n}.  Let  i(*):K°-»I  be 
a  function  such  that 

i)  v£  =  0  implies  i  (v)  =  0 

ii)  v^  =  p  implies  4  (v)  =  1. 

We  define  L(v)  =  the  number  of  leading  zeroes  of  / (v)  for  each  v  £ 
We  have  the  following: 


Lemma  4.5  (Kuhn’s  lemma).  There  exists  an  odd  number  of  simplices  x  £  K 
such  that  L(x)  =  {0,1, 

PROOF.  We  first  construct  a  V-complex.  Let  N  =  (0,1, _ ,nj,  and  let 

3  =  {T  C  {l,,..,n)|0  <  i  £  T  implies  i-1  £  Tj.  3  then  is  the  collection 

0,  {0},  (0,1),  {0,1,2},  ...  ,  {0,l,...,n-l}  . 

We  define  A((jf)  =  { <j( ,  ipe}},  and  for  (jf  £  T  6  3,  T  =  {0,  . . .  ,mj  for 

some  m  <  n.  We  then  define  A(T)  to  be  the  pseudomanifold  corresponding 

to  the  restriction  of  C  to 

(x  £  Cn| =  p  for  i  >  m+1)  . 

It  is  simple  to  verify  that  K,  3,  and  A(-)  define  a  V-complex.  (Figure  U.8 

illustrates  such  a  V-complex  for  n  =  2.) 

Let  us  now  examine  the  set  B.  We  know  that  (f  £  B.  Suppose 

0  /  x  E  B,  where  x  =  (v1,  ...,vm}  for  some  m.  Then  T^  =  {0,  ...,m-l} 

and  L(x)  =  T  and  x  £  dfA(T  ).  Since  x  £  8’A(T  ),  either  v?  =  0  for 
xx  x  i 

all  j  =  1,  ...,m  and  some  i  £  [1, . . .  ,m) ,  or  =  p  for  all  j  =  1,  ...,m 
and  some  i  £  {1,  ...,m}„  Suppose  the  former  is  true.  Then  i-1  ^  L(x), 
a  contradiction.  If  the  latter  is  true,  then  i  ^  L(x),  which  is  a  con¬ 
tradiction  unless  i  =  m.  But  then  x  £  A( {0, . . . , m-2} ) ,  so  that 
Tx  =  { 0, . . , , m-2 } ,  a  contradiction.  Therefore  B  =  {00  . 

Next  we  examine  the  set  G.  Let  x  £  G.  Then  T^  -  {0, ...,m) 
for  some  m  <  n,  and  L(x)  T  ,  L(x)  4  3*  Therefore  either  L(x)  = 

{0, 1, or  m  <  n-1  and  there  is  an  s  >  m+1  such  that 


56 


Figure  4.8 


Figure  4.9 


L(x)  =  si.  Suppose  the  latter  is  true.  Let  x  =  {v^, ...,vm  ^} . 

Since  T  =  {0, =  p  for  all  j  £  * 0, . . . ,  m+1} .  But  then 
x  nn*^ 

L(vJ)  <  m+1  for  all  j,  and  so  s  $  L(x),  a  contradiction.  Therefore 
L(x)  =  (0, . .  .,n) . 

Furthermore,  if  L(x)  =  then  clearly  x  £  G.  Therefore 

G  consists  precisely  of  those  x  for  which  L(x)  =  (0, . . . ,  n] ,  By 
Lemma  3.11,  G  has  an  odd  number  of  elements,  which  proves  the  lemma.  S 

An  algorithm  for  finding  an  element  of  G  consists  of  following 
the  path  starting  at  $  £  B,  and  terminating  at  its  other  endpoint,  an 
element  of  G.  See  Figure  L.9  for  a  sample  path. 

L.  5.  Another  Combinatorial-  Lemma  on  the  n-Cube 

Let  p  be  a  positive  integer  and  let  Cn  =  (x  £  3Rn|  0  <  x  <  pe)  . 

n  0 

Let  C  be  a  triangulation  of  C  .  Let  K  be  the  vertices  of  C,  and 
let  K  be  the  pseudomanifold  corresponding  to  C.  Let  L(*):  -> 

{ 1, . . . , n, -1, . , . , -n]  be  a  labelling  of  K°,  with  the  restriction  on 
L( • )  that 

i)  v  €  K°,  v^  =  0  implies  L(v^)  f  -i,  and 
li)  v  £  K°,  v^  =  p  implies  L(v  )  /  i. 

We  have  the  following: 

Lemma  k,6.  Let  C  triangulate  Cn  and  let  L(*)  be  as  above.  Then 
there  exists  a  pair  of  vertices  v’ ,  v"  in  some  simplex  of  C 
such  that  L(v’)  =  -L(v"). 
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PROOF.  Let  N  n,-l,  and  let  3  =  [T  c  N| i  e  T 

implies  i  >  0) .  Let  A(^)  =  (0,  {0)},  and  for  0  /  T  £  3  ,  we  define 
A(T)  to  be  the  pseudomanifold  corresponding  to  the  restriction  of  C  to 

{x  G  Cn |  i  ^  T  implies  x.^  =  0)  . 

It  is  simple  to  verify  that  K,  and  A(*)  define  a  V-complex. 

Figure  4.10  illustrates  such  a  V-complex  for  n  =  2. 

First  let  us  examine  the  set  B.  We  know  that  $  G  B,  since 

A($)  has  only  one  0-simplex.  Let  ^  4  x  =  {v\  .  ..,v^}  G  B.  Then 

L(x)  =  T  and  x  G  d'A(T  ).  Thus  for  some  i  G  T  ,v"?  =  p  for  all 
x  x  x’  i  ^ 

j  =  1,  But  then  L(v?)  /  i  for  any  j  =  1,  ...,t.  Thus  i  ^  L(x), 

a  contradiction.  Therefore  B  =  ($}. 

By  Lemma  3.11,  G  must  have  an  odd  number  of  elements,  and  hence 
at  least  one.  Let  x  G  G.  Then  L(x)  DT^  and  L(x)  G  This  means 

there  is  an  i  >  0  such  that  L(x)  -  -i.  Suppose  i  ^  T^.  Then  for 
each  v  G  x,  v^  =  0  and  so  by  the  restriction  on  L(*),  -i  £  L(x),  a 
contradiction.  Therefore  {i,-i}  I  L(x),  Thus  there  are  two  elements 
vT  and  v”  of  x  such  that  L(vf)  =  -L(vm),  proving  the  lemma.  $ 

An  algorithm  for  finding  vf,  v”  consists  of  following  the  path 
whose  endpoint  is  $  G  B,  until  an  element  of  G  is  found.  Figure  4.11 
illustrates  a  sample  path.  As  in  the  case  of  the  Tucker  lemma,  we  cannot 
assert  that  there  are  odd  number  of  pairs,  since  not  all  pairs  are  contained 
in  elements  of  G. 
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4.6.  Concluding  Remarks 

In  this  chapter,  we  have  given  "constructive”  proofs  of  six  com¬ 
binatorial  lemmas  in  topology.  The  proofs  are  constructive  in  the  sense 
that,  for  most  standard  triangulations  of  the  n-simplex  and  the  n-cube, 
it  is  possible  to  write  down  the  pivot  rules  of  an  algorithm  that  will 
compute  the  simplices  of  a  path  from  $  G  B  to  the  desired  simplex  as 
stated  in  the  conclusion  of  the  lemma. 

Sperner’ s  lemma  leads  to  a  very  elegant  proof  the  Brouwer  fixed- 
point  theorem.  In  the  next  chapter,  we  show  that  Kuhn's  lemma  and 
Lemma  4.6  also  lead  (independently)  to  a  proof  of  this  famous  fixed-point 
theorem.  Tucker' s  lemma  can  be  used  to  provide  a  proof  of  the  Borsuk-Ulam 
and  Lusternik-Schnirelmann  antipodal  point  theorems  [11,27]. 

The  Generalized  Sperner  Lemma  (Lemma  4.2)  has  been  independently 
developed  by  Ky  Fan  [  9 ]>  and  inadvertently  by  Luthi  [31].  The  algorithm 
of  Luthi  in  [  31]  for  the  nonlinear  complementarity  problem  is  precisely  the 
path  following  routine  used  in  our  proof  the  Generalized  Sperner  Lemma. 

In  his  i960  paper,  "Some  Combinatorial  Lemmas  in  Topology"  [21], 
Kuhn  derives  the  Tucker  lemma  from  his  lemma,  for  the  case  n  =  2.  He  asks 
"Is  there  a  derivation  of  Tucker’s  Lemma  from  the  Strong  Cubical  Sperner 
[Kuhn]  Lemma  for  all  n? "  [21].  Although  this  question  is  still  unresolved, 
we  see  that  both  Tucker’s  and  Kuhn’s  lemma  are  specific  instances  of 
labelling  on  V-complexes,  and  that  the  proofs  of  both  are  similar  in 
nature. 
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CHAPTER  V 


EXTENSIONS  OF  THE  COMBINATORIAL  LEMMAS 

5.0.  Introduction 

In  Chapter  IV,  we  demonstrated  six  combinatorial  lemmas.  In 
this  chapter,  we  present  various  extensions  of  these  lemmas.  In  Section 

5.1,  we  show  the  relationship  between  Brouwer’s  fixed-point  theorem  and 
five  of  the  combinatorial  lemmas.  In  Section  5.2,  we  use  the  Generalized 
Sperner  Lemma  to  prove  other  mathematical  results.  In  Section  5.3,  we 
present  a  "homotopy" -type  V-complex  and  suggest  an  algorithm  based  on 
the  Generalized  Sperner  Lemma.  In  Section  5.^,  we  show  the  relationship 
between  the  Tucker  lemma  and  antipodal  point  theorems. 

5.1.  Brouwer1 s  Theorem  and  Combinatorial  Lemmas 

Simplicial  methods  were  first  developed  in  the  1960’s  for  the 
computation  of  fixed  points  of  continuous  mappings,  the  existence  of 
which  was  first  demonstrated  by  Brouwer’s  celebrated  Fixed-Point  Theorem. 
It  is  only  appropriate  therefore  to  show  the  relationship  between 
Brouwer's  Theorem  and  five  of  the  combinatorial  lemmas  of  Chapter  IV. 
Although  some  of  the  material  of  this  section  is  not  new,  it  is  included 
for  the  sake  of  completeness.  Brouwer’s  Theorem  can  be  stated  as 
follows: 
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Theorem  5.1  (Brouwer).  Let  f(*):S  -*  S,  where  S  is  a  compact  convex 
set  in  ]Rn,  and  f(*)  is  continuous.  Then  there  exists  a  fixed  point 
of  f(*)j  i.e.  a  point  x*  G  S  such  that  f(x*)  =  x*. 

An  elegant  proof  of  Brouwer’s  Theorem  is  provided  by  using  Sperner’s 
Lemma.  We  have 

Lemma  5.2.  Sperner's  Lemma  implies  Brouwer’s  Theorem. 

PROOF:  Without  loss  of  generality,  we  can  assume  S  =  S  ={x£]Rn|e  x  =1, 
x  >  0) .  Let  C  be  a  triangulation  of  S  and  consider  the  following 
labelling  function  on  the  vertices  of  C: 

L(v)  =  i  if  v.  >  0  and  f.(v)  <  v.  . 

If  more  than  one  such  i  exists  for  a  particular  vertex  v,  let  L(v) 
be  the  smallest  such  i.  L(-)  is  readily  seen  to  be  a  proper  labelling 

of  the  vertex  set  of  C,  and  so  by  Sperner’s  lemma,  there  exists  a  com¬ 

pletely  labelled  simplex.  If  we  take  an  infinite  sequence  of  triangulations 
C  with  diameter  approaching  zero,  the  sequence  of  completely  labelled 
simplices  must  have  at  least  one  subsequence  that  converges  to  a  single 
point,  say  x*.  At  this  point,  we  have  f^(x*)  £  i  =  1, . . , , n,  since 

f(-)  is  continuous.  But  since  e  *f(x*)  -  e  x*  =  1,  this  means  that 

f(x*)  =  x4,  proving  the  theorem. 

Furthermore,  we  have: 
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Lemma  5*3*  Brouwer's  Theorem  implies  Sperner's  Lemma. 

PROOF;  Let  C  triangulate  Sn  and  let  L(*)  be  a  proper  labelling 
of  K°,  the  vertices  of  C.  For  each  v  €  K°,  define  f(v)  = 
and  for  the  purposes  of  this  proof  alone,  we  define  =  en.  Extend 
f(-)  to  all  of  Sn  in  a  piece-wise  linear  manner  on  each  subsimplex. 

Then  f(*)  is  continuous  and  maps  Sn  into  Sn.  Thus  there  is  a  fixed 
point  x*  of  f.  Let  v\  .  ..,vm  be  the  unique  smallest  simplex  of  C 
that  contains  x*.  We  have  x*  =  L  A^v1  =  Z  A.  fCv1)  for  appropriate  A, 
where  e  A  =  1,  and  A  >  0.  Suppose  x*  ^  0.  Then  there  is  an  i 
such  that  x?  =  0.  But  then  v^  «  0  for  all  j,  whereby 
i  4  {^(v1),  .  ..  ,  L(vm)},  since  L(*)  is  a  proper  labelling.  This  implies 
that  f^  ^(x*)  =  0,  and  hence  x!  ^  =  0.  (if  i  =  1,  it  implies  x*  =  0.) 
Proceeding  likewise,  we  have  that  x*  =  0,  a  contradiction.  Therefore 
x*  >  0,  and  since  f ( x* )  =  Z  A.  ‘  e^V  ^  we  must  have  that 

(L(v1),  ...  ,  L(vm)}  =  (1,  .  ..,n],  and  so  ra  =  n.  Therefore,  the  simplex 
{v\  .  ..,  v11}  is  completely  labelled,  completing  the  proof.  ® 

Actually,  we  have  not  proved  Sperner's  Lemma  in  its  entirety,  since  we 
have  not  shown  that  there  are  an  odd  number  of  completely  labelled 
simplices,  so  the  equivalence  between  Brouwer's  Theorem  and  Sperner's 
Lemma  is  not  complete. 

Similarly,  we  can  show: 
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Lemma  5.4.  Brouwer1 s  Theorem  implies  the  Generalized  Sperner  Lemma, 


PROOF:  Let  C  triangulate  Sn  and  let  L(-)  be  a  labelling  function 
as  in  the  Generalized  Sperner  Lemma.  For  each  v  in  the  vertex  set 
of  C,  define  f(v)  =  e^V^,  and  extend  this  map  in  a  piece-wise 
linear  manner,  f  satisfies  the  conditions  of  Brouwer's  Theorem,  and 
so  there  exists  a  fixed  point  of  f,  say  x*.  Let  (v\  ...  ,  vm)  be 
the  unique  smallest  simplex  of  C  that  contains  x*.  We  have  x*  >  0 
if  and  only  if  i  £  S({v  ,...,  v  )),  where  S(*)  is  defined  in  Section 
4.2.  Furthermore,  by  the  construction  of  f(*  >'  xt >0  if  and  only  if 
i  2  (L(v1'),  ...  ,  L(vm)].  Thus  there  exists  a  simplex  of  C  that  is 
completely  labelled  in  its  face,  proving  the  lemma. 

As  in  Lemma  5 we  have  not  proven  the  Generalized  Sperner  in  its  full 
force,  since  we  have  not  shown  that  there  are  an  odd  number  of  simplices 
that  are  completely  labelled  in  their  faces.  Finally,  we  show: 

Lemma  5.5.  The  Generalized  Sperner  Lemma  implies  Sperner' s  Lemma. 

PROOF;  Let  Sn  =  (x  £  ]Rn  |x  >  0,  e^x  =  1).  Our  proof  is  by  induction 

on  n.  For  n  =  1,  the  two  lemmas  are  trivially  identical.  Suppose  the 

implication  is  true  for  all  k  <  n.  Let  N  -  (l,...,n]  and  for 

(//ICN,  define  ST  =  (x  G  2Rn  |x  >  0,  eTx  =  1,  x  =  0  for  i  4  T) . 

Let  C  triangulate  Sn  =  with  vertex  set  K^*.  Let  L(>)  be  a 

proper  labelling  of  Sn,  and  note  L(*)  is  a  ’’proper"  labelling  of 

i.e.  v  €  K°  n  ST  implies  L(v)  £  T.  Thus  for  $  /  T,  N  /  T,  we  induc- 

T 

tively  have  that  there  are  an  odd  number  of  simplices  in  S  that  have 
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label  set  T#  We  have 


/  simplices  in  Sn  that  are  completely  labelled 

T 

+  Z  (/  simplices  in  S  that  have  label  set  T) 

M T/N 
TCN 

=  an  odd  number, 

by  the  Generalized  Sperner  lemma.  Each  term  in  our  summation  £  is  odd, 
and  there  are  (2n  -  2)  terms,  an  even  number  for  n  >  1.  Thus  the  total 
number  in  the  summation  term  is  even.  Hence,  the  number  of  simplices 
in  Sn  that  are  completely  labelled  is  odd,  proving  Sperner* s  lemma.  & 

Our  next  task  is  to  show  the  relationship  between  Brouwer* s 
Theorem  and  Kuhn’s  Lemma.  We  have: 


Kuhn's  Lemma  implies  Brouwer's  Theorem. 


PROOF:  Here  let  S  =  Cn  =  {x  £  ffin  |0  <  x  <  e),  and  let  f(‘)tS  -> S 
be  continuous.  Let  C  be  a  triangulation  of  Cn  with  vertex  set  kP. 
For  each  vertex  v  £  K^,  let 


if  f.(v)  >  X.  /  1 
if  f A (v)  <  xL  f  0  , 


i  =  1, . . n. 


If  there  is  more  than  one  choice  for  i^(v),  choose  £^(v)  =  0.  Let 
L(v)  be  as  described  in  Section  4.^.  Note  £(•)  satisfies  the  conditions 
of  Kuhn's  Lemma.  Thus  there  exists  a  simplex  of  C  that  has  labels 
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{0,1, ...,n).  Take  a  sequence  of  such  simplices  as  the  diameter  of  C 
approaches  0;  such  a  sequence  will  have  a  cluster  point,  say  x*.  By 
the  continuity  of  f(-),  we  have  f^x*)  £  x£  and  ^(x*)  >  x*  for 
i  =  1, ...,n.  Thus  f(x*)  =  x*,  proving  Brouwer’s  Theorem. 

We  cannot  assert  that  Brouwer’s  Theorem  implies 
Kuhn’ s  Lemma.  However,  there  is  a  weak  form  of  Kuhn' s  lemma,  called  the 
Cubical  Sperner  Lemma  in  [21],  that  as  Kuhn  shows,  implies  Brouwer’s 
Theorem.  See  [21]  for  details  of  this  proof. 

Last  of  all,  we  show  the  relationship  between  Lemma  4.6  and 
Brouwer's  Theorem.  We  have: 


Lemma  5«7«  Lemma  4.6  implies  Brouwer’s  Theorem. 


PROOF:  Let  S  =  Cn  =  {x  €  |o  <  x  <  e} ,  and  let  f(*):S  -»S  be 
continuous.  Let  C  be  a  triangulation  of  Cn  with  vertex  set  K?. 
We  define  for  each  v  £  K^, 


L(v)  =  { 


i  if  |[f (v)  -  v [[^  =  fi(v)  -  vi,  t  1 

-i  if  !|f(v)  -  v!^  =  v1  -  fi(v),  f  0 


If  there  is  more  than  one  choice  for  i,  let  i  be  the  smallest  such 
index.  L(*)  satisfies  restrictions  (i)  and  (ii)  of  Section  4.5,  and  so 
by  Lemma  4.6,  there  exists  a  pair  of  vertices  v'  and  vn  of  in 


some  simplex  of  C,  such  that  L(v’ )  -  -L(v").  As  we  let  the  diameter 


of  C  go  to  zerot  and  take  a  limiting  sequence  of  the  pairs  (v’,vM ), 
we  must  have  at  least  one  cluster  point ,  say  x*.  But  by  the  continuity 
of  f(*),  we  have  (|f(x*)  -  x*!^  =  0,  and  so  x*  is  a  fixed-point, 
proving  Brouwer's  Theorem. 

Finally,  we  remark  that  Scarf’s  Lemma  (Corollary  4.3)  is 
equivalent  to  Brouwer’s  Theorem.  The  proof  follows  along  the  same 
lines  as  Lemmas  5.2  and  5.3. 

By  way  of  concluding  this  section,  Figure  5.1  shows  the  relation¬ 
ships  contained  herein,  where  denotes  " implies’1  in  the  direction 
of  the  arrow. 


Figure  5.1 
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5.2.  Extensions  of  the  Generalized  Sperner  Lemma 

In  this  section  we  prove  four  mathematical  results  that  are  by¬ 
products  of  the  Generalized  Sperner  Lemma. 

The  first  result,  a  covering  theorem,  is  used  to  prove  the  other  three 
results.  Throughout  this  section,  let  Sn  =  {x  6  ]Rn  |eTx  =1,  x  >  0) . 

We  have 

Theorem  5.9  (Covering  Theorem).  Let  C*,  i  =  l,...,n  be  closed  sets 
in  ]Rn  such  that  C*  DSn,  Then  there  is  at  least  one  point  x* 

in  Sn  such  that  (i|xt  >  0]  C  (i|x*  €  C*) . 

0 

PROOF :  Let  C  triangulate  S  with  vertex  set  K  ,  and  let  L(*) 
be  a  labelling  of  K°,  where  for  each  v  €  K^, 

L(v)  €  ( i | v  c  C1)  . 

By  Lemma  4.2,  there  is  a  simplex  x  of  C  that  is  completely  labelled 
in  its  face.  Take  a  sequence  of  triangulations  whose  diameter  goes  to 
zero  in  the  limit.  Then  there  is  a  sequence  of  simplices  x,  completely 
labelled  in  their  faces,  that  have  a  limit  point,  say  x*.  Since  each 
C1  is  a  closed  set,  we  have  {i|x*  >  0)  C  {i|x*  €  C),  proving  the 
theorem.  ® 

This  theorem  is  illustrated  in  Figures  5.2  and  5.5.  In  Figure  5.3, 
a  type  of  "degeneracy"  occurs  at  x*,  showing  that  strict  inclusion 
of  the  theorem  can  indeed  occur. 
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Figure  5.2 


Figure  5.3 


Theorem  5.9  can  be  generalized.  Let  S  be  an  n-simplex  in 


IRn  and  for  each  x  £  S,  let  a(x)  be  the  barycentric  representation 
of  x.  Then  we  have 

Theorem  5 >10  (Covering  Theorem).  Let  C*,  i  =  0, ...,n,  be  closed  sets 
in  ]Rn  such  that  l)!^  D  S.  Then  there  is  at  least  one  point  x* 
in  S  such  that 

(ila^x*)  >  0}  C  li|x*  €  C*).  0 

Our  next  lemma  demonstrates  the  existence  of  stationary  points 
(see  Eaves  [  5  ],  and  Luthi  [31])*  Let  Sn  ^  =  ((x,w)  £  B n  ^|eTx  +  w  =  1, 
x  >  0,  w  >  0],  where  it  is  understood  that  x  £  Jna  .  Let 
Dn  =  {x  £]Rn  | eTx  <1,  x  >  0] .  Clearly  Dn  is  the  projection  of  Sn+1 
onto  the  x-coordinates.  Let  be  continuous.  A  point  x 

in  Dn  is  said  to  be  a  stationary  point  of  the  pair  (f, Dn)  (see  Eaves 
[3])  if  and  only  if  there  exists  z  E  1R  and  y  G  1R1  such  that 

i)  y  >  0,  z  >  0 

ii)  f ( x )  =  y  -  ze 

iii)  x*y  =  0 

iv)  z(l  -ex)  =  0  . 

We  have  the  following: 


! 


i 
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Lemma  5,11  (Hartman  and  Stampacchia  [15],  and  Karamardian  [17a],  [17b], 
[18]).  There  exists  a  stationary  point  x*  of  (f,Dn). 

PROOF;  Our  proof  is  based  on  Theorem  5.9.  For  i  -  1,  define 

=  {  (x,  w)  £  Sn+'L  |  f  (x)  ^  0  and  f^(x)  <  f  (x)  for  any  j  =  1,  .  .  ,  t  n) 

Define  Cn+^  =  {(x,w)  £  Sn+'L|f(x)  >  0}.  Note  that  each  (i  =  1,  . ,.,n+l) 

n+1  i  n+1 

is  closed,  and  that  CDS  .  Thus  by  Theorem  5.9?  there  exists 

(x*,w*)  in  Sn  ^  such  that 

i)  xt  >  0  implies  (x*,vr*)  £  C1,  i  =  1,  .  .  . ,  n,  and 

ii)  v*  >  0  implies  (x*,w*)  £  Cn+\ 

We  now  show  that  x*  is  a  stationary  point  of  (f,Dn).  We  have  two 
cases : 

Case  I.  (x*,w*)  £  Cn  \  In  this  case,  let  z  =  0,  and  let  y  =  f(x*). 

(x*,v*)  £  Cn  ^  implies  f(x*)  >  0,  and  so  y  >  0.  Also,  xf  >  0  implies 

f.(x*)  <  0,  but  f(x*)  >  0,  therefore  f^x*)  -  0.  Thus  x-y  =  x*f(x)  =  0. 

T 

Finally,  z(l  -  e  *x*)  =  0  since  z  =  0.  Therefore,  x*  is  a  stationary 
point. 

i-i 

Case  2.  (x*,vr*)  4  £  .  Let  z  =  -min(  ^(x*) ,  f  (x*)).  Note 

z  >  0.  Let  y  =  f(x*)  +  ze.  We  have  -z  <  f^(x*)  for  each  i.  Hence 

y  =  f(x*)  +  ze  >  0.  Furthermore,  x*  >  0  implies  f.(x*)  <  f .  (x*)  for 

i  i  0 

any  j,  and  since  f(x*)  ^  0,  f^x*)  =  -z.  Therefore  y.  =  0,  and  so 
x**y  =  0.  Finally,  since  (x*,w)  Cn+\  we  must  have  w*  =  0,  so 
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T  T 

e  x*  =  1,  which  implies  z(l  -  e  x*)  =  0.  Thus  x*  is  a  stationary- 
point  of  (f , Dn) .  & 

Our  proof  suggests  an  algorithm  for  computing  x*.  Choose  a 
triangulation  of  Snf^  with  small  diameter  and  compute  a  simplex  x  which 
is  completely  labelled  in  its  face  by  following  the  path  starting  at 
$  £  B  (see  Section  1.2).  Any  point  in  x  almost  satisfies  the  conclusion 
of  Theorem  5-9>  and  hence  is  an  approximate  stationary  point.  In 
Section  5-3,  we  suggest  an  algorithm  for  finding  points  guaranteed  by 
Theorem  5.9 >  using  a  "homotopy’1  principle. 

We  conclude  this  section  with  two  theorems  that  follow  directly 
from  the  covering  theorem,  Theorem  5.10.  The  set-up  for  these  theorems 
is  as  follows: 

Let  A  be  an  n  x  (n+1)  matrix  such  that  the  AA  =  y,  A  >  0, 

has  a  solution  for  any  y  £  ]Rn  (i.e.  the  cone  space  of  the  columns  of 

A  is  ]Rn  ) ,  We  state  without  proof  the  following: 

Remark:  For  fixed  y,  c,  y  =  c  +  AA,  A  >  0  has  a  unique  semi¬ 
positive  solution  where  by  semi -positive  we  mean  nonnegative  and 

•J  not  positive.  ® 

k 

V  n  n 

*  Let  S  be  an  n-simplex  in  TR  and  let  f(*)iS  ->  1R  be  continuous. 

For  each  y  £  lRn,  let  A(y)  be  the  unique  non-positive  solution  A 

to  y  =  c  +  A A,  A  >  0.  We  have  the  following  theorem: 
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Theorem  3.12.  For  x  G  S,  let  a(x)  be  the  barycentric  representation 


of  x.  Then  there  exists  a  point  x*  £  S  such  that  a(x*) • X(f (x*) )  =  0. 

PROOF:  Let  C1  =  {x  c  s|A.(f(x))  =  0}  for  i  =  Each  x  :  S 

is  an  element  of  at  least  one  C1.  Furthermore,  since  f  is  continuous 
and  A(* )  is  continuous,  C1  is  closed  for  each  i.  Applying  Theorem  p.  10, 
we  have  that  there  is  an  x*  €  S  such  that  u^(x*)  >  0  implies 
x*  £  C1.  Therefore,  a(x*)  •  A(f  (x*) )  =0.  & 


Theorem  5,13.  For  x  £  S,  let  a(x)  be  the  barycentric  representation 
of  x.  Then  there  exists  at  least  one  point  x*  £  S  such  that 

fi|(X(x*)  >  0)  C  (i|f(x*)TA  <  cTA  i 


PROOF :  For  i  =  let  C*  {x  £  S|[f(x)]^A^  ^  clA  ^} .  I  claim 

that  C1  -  S.  Suppose  not.  Then  there  is  an  x  £  S  such  that 

T  T 

f(x)  A  >  c  A.  Let  7i=c-f(x).  We  have  ^A  <  0.  We  have  ~  =  AX 

for  some  X  >  0.  Therefore  0  >  ttAX  =  7 r.  r  >  0.  Therefore  it  -  0  . 

T  T  - 

But  then  f(x)  A  =  c  A,  a  contradiction.  Thus 


i=0 


D  S. 


Applying  Theorem  r;.10,  we  have  that  there  exists  x*  £  S  such  that 


fi|u.(x*)  •  0)  {i|f(x*)TA  -  <  cTA  .]  . 

1  •  1  -  *i 


5$ 


7^ 


- *v 


.  A  Homotopy  Algorithm  for  Computing  x*  of  Theorem  5.9 

In  Section  5.2,  we  showed  that  the  covering  theorem,  Theorem  5-9, 
can  be  used  to  prove  three  other  theorems,  including  the  existence  of 
stationary  points.  The  covering  theorem  is  proved  by  applying  the 
Generalized  Sperner  Lemma  in  a  limiting  sense.  To  compute  the  point  x* 
of  the  covering  theorem,  one  could  set  up  a  triangulation  of  small 
diameter,  and  follow  the  path  from  0  €  B,  as  suggested  in  Section  4.2, 
to  its  other  endpoint.  Any  vector  in  the  endpoint  simplex  approximates 
the  properties  of  x*.  The  problem  with  this  technique  is  that  the 
number  of  siraplices  enr  5-  M:»*  path  may  be  very  large. 

Eaves  [  4  1  an '  algal  [  /  ]  introduced  the  idea  of  a  homotopy 

metho  :  •  «  *  -following  methods,  and  computational  experience  has  proven 

ft.e  •  uerior  nature  of  homotopy  methods  in  path- following  algorithms 
(see  Wilmuth  [43]). 

In  this  section,  we  present  a  homotopy  approach 
to  calculating  a  point  x*  of  Theorem  5.9.  Let  Sn  =  {x  £  TRn  | e^x  =  1, 
x  >  0),  the  unit  simplex  in  IRn  .  Let  C  be  a  locally  finite  triangulation 
of  Sn  X  [0,°°)  with  the  property  that  for  every  e  >  0,  there  is  a  t  >  0 
such  that  any  simplex  of  C  in  Sn  x  [t,°o)  has  diameter  less  than  e. 

Such  triangulations  exist  and  specific  pivot  rules  have  been  calculated 
for  some  of  these  (see  Eaves  (  4  ],  Todd  [4l],  and  van  der  Laan  and 
Talman  [26]).  Let  K 9  denote  the  vertices  of  C. 

Let  C*,  i  1,  be  closed  sets  in  ]Rn  such  that 

Uj  C*  DSn.  Each  vertex  of  can  be  written  as  (v,t)  where 

v  C  Sn  and  t  £  [0,oo),  For  each  (v,t)  £  K^,  let  L(v, t)  =  some  i 
such  that  v  £  C1. 


'****?+&»  m 
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Our  next  step  is  to  set  up  a  V-complex  on  Sn  x  [0,q°)#  Let 
N  =  {1,  ...,n)  and  let  3  =  {S|SCN).  For  T  -  0,  let  A(T)  = 

{0,  ((e^,0)})  for  some  fixed  j  €  N;  for  T  (  (f,  T  t  3,  let  A(T)  be 
the  pseudomanifold  corresponding  to  the  restriction  of  C  to 

((x,0)  £  Sn  x  [ 0] | i  $  T  U  (j)  implies  =  0) 

U  {(x,t)  £  Sn  x  (0,oo)  |i  ^  T  implies  -  0) 

Figures  5.^  and  5.5  illustrate  this  construction  for  n  =  2  and  3, 
respectively,  with  j  =  1.  In  Figure  5.5?  the  triangulation  has  been 
omitted  to  make  the  figure  more  understandable. 

For  j  I  T,  A(T)  corresponds  to  a  nonempty  closed  convex  set. 

For  T  ^  (jj,  j  y!  T,  A(T)  corresponds  to  the  union  of  two  nonempty  closed 
convex  sets  that  share  a  common  boundary. 

It  is  simple  to  show  that  A(*)>  3,  and  K  satisfy  ihe  conditions 
of  a  V-complex,  where  K  is  the  complex  (an  n-psuedomanifold  itself) 
corresponding  to  C. 

Let  us  now  examine  the  sets  G  and  B.  G  is  empty,  since 
3  =  (T|T  NJ.  As  far  as  B  is  concerned,  0  £  B,  since  A($0  contains 
only  one  O-sirnplex,  {(eJ,0)}.  For  T  /  (/,  3*A(T)  is  empty,  and  so  the 
only  element  of  B  is  (jf.  Thus,  the  path  starting  from  (/  €  B  has 
no  other  endpoint,  and  so  must  contain  an  infinite  number  of  simplices. 

Let  <jf  =  xQ,  x^,  x^,  ,  be  the  path  of  adjacent  simplices  whose 

endpoint  xQ  is  tf.  Then  for  each  e  >  0,  there  is  an  m  >  0  such  that 
for  all  i  >  m  the  diameter  of  is  less  than  c  .  Thus  the  simplices 

of  the  path  get  smaller  and  smaller  in  the  limit.  Let  x^  have  diameter 


less  than  €.  Then  choose  a  vector  (v,t)  in  v  then  approximately 

satisfies  the  conditions  of  Theorem  5.9. 

The  homotopy  algorithm  consists  of  following  the  path 


5.4.  Extensions  of  Tucker* s  Lemma 

In  this  section  we  make  some  brief  remarks  concerning  the  relation¬ 
ship  between  Tucker’s  Lemma  and  antipodal  point  theorems.  Two  established 
antipodal  point  theorems  are  the  Borsuk-Ulam  Theorem  and  the 
Lusternik-Schnirelman  Theorem  (see  Lefschetz  [27]). 

Borsuk-Ulam  Theorem.  Let  Bn  ^  -  (x  £  3Rn  |  }jx || ^  =  1),  and  let 
f(*):Bn~^  1R  be  continuous.  Then  there  exists  x*  €  Bn  ^  such 
that  f (x* )  =  f(-x*). 


Lusternik-Schnirelman  Theorem: 

Let 

B51"1  =  (x  c  3Rn 

1  ||x)|2=  1 ),  and  let 

c\  i  =  1,  ...,n,  be  closed  sets 

in 

IRn  such  that 

U?  ..  C1  D  Bn_1. 

1=1 

Then  there  is  an  i  I  (1,  ...,n) 

and 

*  r,n-l 

an  x*  €  B 

such  that  both 

x*  and  -x*  are  elements  of  C1. 

We  have  the  following  relationships: 

Lemma  5.14.  Tucker*  s  Lemma  implies  the  Borsuk-Ulam  Theorem. 

Lemma  5.15*  Tucker’s  Lemma  implies  the  Lusternik-Schnirelman  Theorem. 
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The  proofs  of  these  two  lemmas  can  be  found  in  Tucker  [U2],  or  in  termi¬ 
nology  more  familiar  to  operations  researchers,  in  Freund  and  Todd  [11]. 
We  also  have: 


Lemma  5.16.  The  Borsuk-Ulam  Theorem  implies  Tucker’s  lemma. 


PROOF;  Let  Cn  =  (X  £  ]Rn  | -pe  <  x  <  pe)  and  let  C  be  the  Union- Jack 
triangulation  of  lRn  (see  Todd  [ Ulj )  restricted  to  Cn.  The 

vertex  set  of  C  is  the  set  of  integral  points  of  C.  Let 

L(*):k^  ->  {1, . . .  ,n, -1, . . . , -n)  be  a  labelling  function  which  is  odd 
on  the  boundary  of  C.  For  each  v  e  define  f(v)  =  sign(L(v) )  •  e 
and  extend  f(*)  in  a  piece-wise  linear  manner  over  all  of  Cn.  Note 
that  f ( • )  is  continuous,  and  since  J ^  is  symmetric,  f(*)  is  odd  on 
the  boundary  of  Cn. 


Let  Bn  =  (x  £  JRn+1  |  ||x||2  =  1},  let  Bn+  =  tx  £  Bn|xn+1  >  0), 
and  let  Bn  =  {x  £  BnJx  <_  0}.  Let  g:Bn  -> Cn  be  the  following  map: 


p(x1,...,xn)  II  xL,  ....  xn| 


kXi,...,xn)||oo 


>  ^xi’ • • * ,xn^  ~  ® 


Note  that  g(')  is  bicontinuous  and  onto.  For  x  £  Bn,  let 


h(x)  = 


f»g(x)  , 


-fog(x)  , 


x  :  B 


x  £  B 


* 


-JK 


h(-)  is  an  odd  continuous  function  from  Bn  into  IRn  .  By  the 
Borsuk -Ulam  Theorem,  there  exists  x*  such  that  h(x*)  =  h(-x*) . 

Without  loss  of  generality,  we  may  assume  x*  £  B.  Thus  h(x*)  =  0, 
whereby  f°g(x*)  =  0.  Setting  x  =  g(x*),  we  see  there  exists  x  €C° 

such  that  f(x)  =  0.  f(x)  =  E  X.  sign(L(v^))  •  e^V  ^  for  appropriate 

i  *i  io 

v  and  A,  >  0.  Thus  there  must  be  a  pair  of  vertices  v  ,  v  such 

i  l  i2 

that  L(v  )  =  -L(v  ),  proving  Tucker's  Lemma.  ® 
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CHAPTER  VI 


ORIENTATION  AND  H-COMPLEXES 


6.0.  Introduction 

In  this  chapter,  we  return  to  the  abstract  setting  of  V-  and 
H- complexes,  and  deal  with  orientation  of  H-complexes  on  a  deeper  level. 
Assuming  an  H-complex  is  orientable,  we  show  how  to  pivot  on  adjacent 
simplices  in  a  way  that  preserves  certain  properties  of  the  orientation 
of  the  simplices.  We  are  thus  able  to  give  further  insight  into  the  paths 
and  endpoints  of  paths  on  H-complexes.  In  the  last  section  we  give  mild 
sufficient  conditions  that  ensure  the  orientability  of  an  H-complex. 

The  use  of  orientation  in  complementary  pivot  schemes  was  first 
developed  by  Shapley  [38]  for  the  linear  complementarity  problem,  advanced 
by  Eaves  and  Scarf  [  8  ]  and  Eaves  [  6  ]  for  subdivided  manifolds,  and 
extended  to  pseudomanifolds  by  Lemke  and  Grotzinger  [30].  Our  set-up 
is  slightly  different  than  that  of  Lemke  and  Grotzinger;  however,  the 
interested  reader  can  easily  establish  the  similarity. 

6. 1.  Pivots  and  C-Pivots  on  Pseudomanifolds 

Let  K  be  an  orientable  H-complex  of  dimension  n,  oriented 
by  0r(*),  with  vertex  set  K°.  Let  N  =  {1, ...,n)  and  let  L(*):K°  -> N. 
We  define  the  set 

D  =  (x  €  k| I x |  =  n+1,  L(x)  =  N)  U  |x£  5k| |x|  =  n,  L(x)  =  N). 
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D  consists  then  of  n-simplices  of  K  whose  labels  exhaust  N,  and 
simplicies  on  the  boundary  of  K  whose  labels  exhaust  N.  We  remark 
that  the  two  sets  above  whose  union  is  D  are  disjoint.  Let  these  sets 


be  and  D^,  respectively. 

Let  x  c  D,  There  is  a  very  natural  way  to  order  the  elements 

of  x.  If  x  £  we  can  write  x  =  {v^, ...,v  J.  or(*ering 

(v.  v.  )  of  x  is  called  a  C-ordering  if  and  only  if: 

0  1n 

L(v  )  =  j,  j  =  1, . .  .,n  . 


Note  there  are  always  two  orderings  of  x.  The  reason  for  this  is  that 
among  the  labels  of  x,  there  is  some  unique  r  £  N  such  that  two 
vertices  of  x  have  the  label  r.  For  j  6  N  \[r},  the  j —  component 
of  a  C-ordering  of  x  must  be  the  unique  vertex  v.  €  x  for  which 

b 

L(v.  )  -  j.  Denote  by  vf  and  v"  those  two  vertices  in  x  whose 

i 

labels  are  r.  Then  the  two  C-orderings  of  x  are: 


and 


Also  note  that  these  two  orderings  have  opposite  orientations,  i.e.  one 
is  (+)  and  the  other  is  (-). 

If  x  £  D^,  we  can  write  x  =  (v^, v  ),  The  ordering 

(vi  , . # . , v ^  )  is  called  a  C-ordering  if  and  only  if 
1 1  1  n 

L(v.  )  =-  j,  j  =  1, . . n. 
j 

R3 


I 


The  C -ordering  for  x  £  is  unique. 

With  the  notion  of  a  pivot  in  mind,  we  now  define  a  C-pivot  on 

elements  of  D.  For  x  £  Dy  let  (v.  v.  )  be  a  C-ordering  of  x. 

lo  ln 

A  C-pivot  is  performed  on  x  as  follows: 


Case  1.  [v.  ,  v.  j  £  dK.  In  this  case,  simply  drop  v.  from  x, 

11  xn  x0 

and  let  y  =  [v.  ,  ...  ,  v.  ).  The  derived  ordering  on  y  is 
11  1n 

(v  V  ). 

1  n 


Case  2.  {v.  v.  }  dK.  In  this  case,  there  is  a  unique  v  E  K 

11  xn 

such  that  (v.  ,  v.  ,  v}  E  K.  L(v)  =  r  for  some  r  £  N.  Set 
X1  1n 

y  =  {v.  v.  ,  v)  and  form  the  new  ordering  (v.  ,  v.  , . . . ,  v.  , 

X1  1n  _  1r  X1  1r-l 

v,  v  ,  . . .  ,  v  )  of  y. 
r+1  n 

If  x  “  D0,  let  (v.  ,  v.  )  be  the  C-ordering  of  x.  A 

1  1n 

C-pivot  on  x  is  performed  as  follows: 

Let  v  be  the  unique  element  of  such  that  x  U  [v]  is  an 

n-simplex  of  K.  L(v)  =  r  for  some  r  i  N.  Set  y  =  [v.  v.  ,v} 

1  1n 

and  from  the  new  ordering  (v.  ,  v.  v.  ,  v,  v.  ,  ...,  v,  ) 

1r  11  1r-l  1r+l  1n 

of  y. 


We  have  the  following  results  on  C-pivots: 


Proposition  6. 1.  Let  y  be  derived  from  a  C-pivot  on  x  E  D  m  Then 
the  ordering  of  y  is  a  C-ordering  and  the  orderings  on  x  and  y 


as  specified  in  the  C-pivot  have  the  same  orientation. 


PROOF;  The  first  conclusion  of  the  proposition  follows  immediately 


from  the  ordering  defined  on  y.  The  second  conclusion  follows  from  a 
case  analysis. 

Case  1.  yG  SK.  Then  Or(v.  ,  v.  ) 

x0  1n 

Case  2.  y  ^  SK.  Then 

Or(v  ,  ...,v  )  =  -Or (v,  v  ) 

x0  n  X1  xn 

=  Or(vi  ,  vi  v  ,v,  v.  v  )  .  g 

r  1  r-1  -  r +1  n 

Proposition  6.2.  Let  y  be  derived  from  a  C-pivot  on  x  £  D^.  Then 
the  ordering  of  y  is  a  C-ordering  and  the  orderings  on  x  and  y, 
as  specified  in  the  C-pivot,  have  opposite  orientation. 

PROOF :  The  first  conclusion  follows  directly  from  the  ordering  fixed 
on  y.  For  the  second  conclusion,  note  that 

Or (v.  ,  v  , v  ,  v,  v  ,  ...  ,  v  ) 
r  1  r-1  xr+l  n 

-  -Or(v,  v.  , ...,  v.  )  -  -Or(v . .  v,  )  .  & 

1  xn  X1  1n 


(-1)°  Or(v. 


,v.  )  =  Or(v. 
Ln  1 


8S 


6.2.  Orientations  on  Paths  Generated  by  C-Pivots 

In  Section  3.b,  we  characterized  paths  generated  by  a  labelling 
L(*)  on  H-complexes.  In  this  section,  we  show  the  connection  between 
C-pivots  and  these  paths,  and  prove  a  result  on  orientation  along  paths. 

Let  K  be  an  orientable  H-complex  oriented  by  0r(*)>  its 

vertex  set,  and  assume,  without  loss  of  generality,  that  N  =  *L1, 

Let  L(m):?P  — >  N  be  a  labelling  function.  Let  (x)^  be  a  path  on  R, 
possibly  without  left  and/or  right  endpoints. 

Choose  x  an  element  of  the  path.  Note  that  L(x)  =  N.  If  x 
is  an  endpoint  of  the  path  (say  a  left  endpoint,  and  we  can  assume 
x  =  Xq,  without  loss  of  generality),  there  is  a  unique  C-ordering  of 
Xq.  Let  y  be  derived  from  xQ  by  a  C-pivot  on  xQ.  Then  y  =  x^, 
and  Or(x^)  =  -Or(x^)  from  Proposition  6.2.  We  can  keep  performing 
C-pivots  £.,  until  we  reach  the  right  endpoint  of  the  path,  if  it  exists. 
For  each  of  these  pivots,  we  have  Or(x^+^)  ”  ^r(x^)  by  Proposition  6,1. 
We  have  just  proved  the  following 

Lemma  6.3.  Let  be  a  Path  with  left  endpoint  xQ.  If  x^+^ 

is  obtained  from  by  a  C-pivot,  Or(x^)  -  -Or(x^)  for  all  i  >  0.  8 

In  particular,  we  have 

Corollary  6.1.  Let  vx^h  be  a  path  with  left-  and  right-endpoints 
Xq  and  x^,  generated  by  a  series  of  C-pivots  starting  at  x^. 
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Then 


and 


i)  Or(xQ)  =  -Or(xm), 

ii)  Or(x.)  =  Or(x.)  for  all  0  <  i,  j  <  m. 

1  J 

Corollary  6.U  is  analogous  to  other  path  orientation  theorems 

presented  elsewhere,  see,  for  example,  Shapley  [33],  Eaves  and  Scarf  [  8], 

Eaves  [  6],  and  Lemke  and  Grot:i,inger  130],  All  of  these  theorems  assert 

that  the  orientation  along  a  path  is  constant  except  at  the  endpoints, 

whose  orientations  are  opposite  in  sign. 

Now  suppose  that  x.  is  an  element  of  the  path  \x^)^  and 

x^  is  not  an  endpoint.  Then  x^  £  Since  L(x)  =  N,  we  can  choose 

two  C-orderings  of  x,  each  one  opposite  in  sign.  C-pivoting  on  one  of 

these  orderings  will  yield  x.  ,  and  the  C-ordering  of  x.^  will  have 

i+l  l+l 

the  same  orientation  as  the  C-ordering  of  x^»  Continuing  the  C-pivot 
process,  we  will  generate  the  path  elements  x^,  x^+^,  +0, . . .  , 

terminating  if  and  only  if  \xv  has  a  right  endpoint.  By  Proposition  6.1 
Or'x.)  =  Or(x^)  for  all  j  >  i.  A  parallel  argument  for  the  other  C- order 
ing  completes  the  proof  of  the  following 

Lemma  6.r-.  Let  x.  be  a  path  on  K  and  let  x.  be  an  element  of 

— - - -  ii  l 

this  path  that  is  not  an  endpoint.  Let  the  entire  path  be  generated 

from  x.  by  its  two  C-orderings.  We  have  0r(x.)  -  -0r(x,  )  for  all 
l  k 

j  <  i  <  k. 

In  particular,  we  have 

p? 


Corollary  6.6.  Let  {x^}^  a  P&th  on  R  with  left  and  right  endpoints 

JL  and  x  ,  respectively.  If  this  path  is  generated  from  x.,  0  <  i  <  m, 
O  m  l 

by  the  two  C -orderings  of  then 

i)  Or(xQ)  =  -Or(xm), 

and 

ii)  Or(x^)  =  -Or(xk)  for  all  j  <  i  <  k. 

Corollaries  6.k  and  6.6  are  illustrated  schematically  in  Figures  6.1 
and  6.2. 


(+)  (♦)  (*) 
EKSHS)*'  ••• 


Figure  6.2 
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By  way  of  concluding  Sections  6.1  and  6.2,  we  remark  that  the  usual 


path  orientation  results  for  manifolds  carry  over  to  H-complexes. 

Actually,  they  do  more  than  this— they  carry  over  to  orientable  n-pseudo- 
manifolds.  For  the  only  properties  of  H-complexes  used  in  these  two 
sections  was  that  K  is  an  orientable  n-pseudomanifold  and  that  the  label 
set  N  contains  n  elements. 


6.3.  Conditions  for  which  an  H-complex  is  Orientable 

In  this  section  we  give  conditions  on  R  that  guarantee  that  R 
is  orientable.  Let  K,  3,  and  A(«)  define  a  V-complext  and  let  R  be 
the  H-complex  associated  with  K.  Let  | N )  =  n.  Assume  that 

i)  for  each  T  £  3,  A(T)  is  locally  finite  and  orientable,  and 
hence  homogeneous,  and 

ii)  for  all  S,  T  £  3,  S  C  T,  there  is  a  sequence  i-,...,i  , 

1  m 

such  that  S  U  (i^, ...,1^}  €  3,  k  =  1,  ...,m,  and 

S  U  j  =  T. 

1  m 

We  will  show  that  if  K,  3,  and  A( • )  satisfy  the  above  two 
assumptions,  then  R  is  orientable. 

In  Section  6.U,  we  will  discuss  ways  to  test  assumptions  (i)  and 
(ii)  for  specific  V-complexes.  Obviously,  verifying  condition  (ii)  is 
very  straightforward.  Condition  (i),  however,  requires  special  attention. 


Our  first  result  is: 


Proposition  6.7.  For  all  S,  T  €  3,  there  is  a  sequence  SQ,  ...  , 
such  that  €  3,  i  =  0,...,m,  SQ  =  S,  Sm  =  T,  and  |S±_1  ASj  =  1, 
i  ~  1)  •  •  •  f  in* 

PROOF:  If  S  =  T,  the  conclusion  is  trivial.  If  S  ^  T,  S  H  T  €  3. 

We  can  write 

S  =  S  n  T  U  (31,...,ski,  T  =  S  fl  T  U  Itj,  ,..ft  j 

for  appropriate  k,  l,  s.,  and  t,.  We  can  assume  as  well  that  the 

i  J 

s,  are  distinct  and  that  the  t.  are  distinct.  By  assumption  (ii),  we 
i  J 

can  assume  that  S  0  T  U  (s^,  •*.,s^}  £  3  for  i  <  k,  and 
S  H  T  U  itj,..,,tj)  €  3  for  j  <  Z.  Then  the  sequence 

s,  s\iski,  s  \tsk,sw],...,  s  n  T,  s  n  T  u  {txJ,  s  nTU(tj,t2),...,  t 

is  a  sequence  of  elements  of  3,  and  successive  members 
satisfy  lsi_i  A  Sj.1  =  1.  ® 

Towards  proving  our  main  result,  we  make  the  following: 

Definition.  For  T  e  3,  define 

fi(T)  =  l*  U  0|x  €  A(T),  QC  Qj,  x  U  5  /  j|)  . 

A(T)  can  be  thought  of  as  a  conical  construction  of  A(T)  with  each 
q^,  i  ^  T.  We  have: 
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Lenina  6.8.  A(T)  is  an  orlentable  n-pseudomanifold. 

PROOF:  Clearly  A(T)  is  closed  under  nonempty  subsets.  Let  x  U  Q  €  A(T). 
Then  there  is  a  y  in  A(T)  such  that  T  =  T,  since  A(T)  is  a  pseudo- 

y 

manifold.  Then  x  U  Q  C  y  U  and  |y  U  |  =  |T|  +  1  +  n  -  |t|  =  n+1. 

Any  n-simplex  of  £(T)  is  of  the  form  y  U  where  y  is  a 

|T| -simplex  in  A(T).  Let  x  U  Q  he  an  (n-l)-simplex  in  S(T),  that 

is  a  subset  of  y  U  Q_,.  Suppose  xUQCzUQ,  |  z  U  Q  [  =  n+1,  and 

X  z  z 

Z  U  Qz  /  y  U  Qj.  But  then  Q =  Qj,  and  since  A(T)  is  a  pseudomanifold, 
the  choice  of  z  is  unique.  This  proves  A(T)  is  an  n-pseudomanifold. 

Now  let  x  U  Q^,  and  y  be  n-simplices  in  J(T).  Then  x 

and  y  are  |T| -simplices  in  A(T).  Since  A(T)  is  homogeneous,  there 
is  a  sequence  x  =  s^,  s^,  ...  ,  sm  =  y  of  |t| -simplices  in  A(T)  such 
that  |Si  n  si+1|  =  | T | ,  i  =  1, . . . ,m-l.  Then  x  U  ^  =  s1  U  Qj,  s2  U  <Jj, 
...,  smUQT=yUQT  is  a  sequence  of  n-simplices  in  S(T)  and 

1^  U  Q.J.)  n  (s1+1  U  |  =  n,  i  =  1,  ...,m-l.  Therefore  J(T)  is 

homogeneous . 

Finally,  we  show  that  A(T)  is  orientable.  Let  0r(*)  be 
a  coherent  orientation  of  |T| -simplices  of  A(T).  Let  x  U  be  an 

n-simplex  of  A(T).  Let  |T|  =  t.  Order  the  vertices  of  x  U  Q_, 

as  (vq, . . . ,  vr) ,  and  let  p  be  the  number  of  transpositions  needed  to 
"push"  those  v^  €  to  the  last  n-t  places  of  the  ordering,  while 
preserving  the  local  ordering  of  those  v^  €  A(T)  and  the  local  order¬ 
ing  of  those  Vj^  £  Q.J.  Then  we  define  Or(vQ, . .  .,vq)  =  (-l)p  Or(x). 


If  y  U  is  obtained  from  x  by  a  pivot,  Or(y  U  Q^,)  =  (-l)P  Or(y) 
=  (-1)P  (-Or(x))  =  -Or(x  U  (ij,).  Thus  J(T)  is  orientable.  8 


Lemma  6.9.  K  =  U  A(T). 

TS5 

PROOF;  Let  x  £  K.  Then  we  can  write  x  =  x  U  Q  where  x  £  K,  and 

Q  C  Q,  and  Q  C  Q^,  .  But  then  x  £  ^(Tx).  Conversely,  let  x  U  Q  €  A(T). 
x 

Then  Q  and  so  x  U  Q  €  R.  8 

x 

Lemma  6.10.  Any  n-simplex  of  R  is  an  element  of  exactly  one  J5(T). 

PROOF;  Let  x  U  Q  be  an  n-simplex  in  R.  Then  Q  =  Q^,  and  x  is  full. 

x 

Thus  x  U  Q  £  JS(Tx).  Suppose  x  U  Q  £  A(S)  for  some  S  £  3.  Then 
x  £  A(S)  and  hence  S  OT^.  Also  0,^,  C  which  implies  S  C  T^.  Thus 

S  =  T  .  8 

Thus  we  see  that  as  T  ranges  over  all  elements  of  3,  the  J(T) 
partition  K  into  "disjoint"  n-pseudomanifolds.  We  use  disjoint 
cautiously  since  this  partitioning  only  takes  place  among  the  n-simplices 
of  R. 


Next  we  have 


Proposition  6.11.  R  is  homogeneous. 


PROOF;  Let  x  and  y  be  n-simplices  in  R.  We  can  write  x  =  x  U  , 

x 

y  *  y  U  Qj  for  appropriate  x,  y  £  K.  By  Proposition  6.7,  there  is  a 


sequence  Tx  =  T^ ...,  Tm  =  Ty  such  that  €  3  ,  i  =  1, . . . ,  m, 

and  |Tt  A  Ti+1l  ■  1#  1  “  l,...,m-l. 

We  shall  now  show  how  to  construct  a  sequence  of  neighboring 

simplices  in  K  that  have  x  and  y  as  endpoints,  using  an  induction 

argument  on  m.  If  m  =  1,  then  such  a  sequence  of  neighboring  simplices 

exists  because  x,  y  €  S(T)  C  R,  and  A (T)  is  homogeneous.  Suppose  a 

sequence  of  neighboring  simplices  exists  (s^ )^_q  whose  endpoints  are 

x  and  z  £  T  ..  Then  either  T  =  T  U  (k}  for  some  k  &  T  , , 
m-1  m  m-1  m-1 

or  T  =  T  .  \  {k}  for  some  k  €  T  , .  In  the  former  case, 
m  m-1  \  m-i 

z  =  z  \  {q.  )  U  (w)  is  an  n-simplex  in  R,  that  is  in  J(T  ),  for  some 
'  k  m 

unique  w  €  K^.  Since  A(Tm)  is  homogeneous,  there  is  a  sequence  of 

j  M 

neighboring  n-simplices  (tj,)^_Q,  where  t^  =  z,  t^  =  y.  Thus  the 
sequence 

x  =  sQ,...,  s£  =  z,  z  =  tQ, ...,  tj  =  y 

of  neighboring  simplices  has  x  and  y  as  its  endpoints.  An  analogous 

argument  establishes  the  result  when  T  =  T  ,  \  f  k J .  ® 

m  m- 1  A 

The  next  few  results  will  also  be  used  in  the  proof  that  R 
is  orientable. 

Proposition  6.12.  There  is  a  unique  set  T  €  3  such  that  S  €  3 
implies  S  D  T. 

PROOF;  Define  T*  =  n  S.  Then  T*  €  3  and  any  S  €  3  contains  T*. 

S£3 

Clearly  T*  is  uniquely  determined.  8 


Proposition  6.13.  Let  S,  T  €  3,  S  /  T,  |s|  =  |T|.  Then  A(S)  D  A(T) 
contains  no  (n-l)-simplices. 

PROOF:  Let  x  U  G  €  J(S)  ni(T),  Let  t  =  |S|  =  |T|.  We  have 
x  €  A(S),  x  £  A(T),  so  x  £  A(S  D  T).  But  |S  fl  T|  <  t-1.  Thus  |x|  <  1. 
Also  Q  C  Cg  n  Q^,  =  Gg^j,  <  n  -  (t+l).  Thus  |  x  U  Q  |  <t-l  +  n-  t-  l 
<  n  -  2.  Therefore  x  U{  cannot  he  an  (n-l) -simplex.  ® 

We  are  now  ready  to  describe  an  inductive  procedure  for  orienting 
K.  Let  T*  £  3  be  the  set  described  in  Proposition  6.12.  Let 

d  =  |T*| .  Let  m  =  max|T|  -  d.  Then  we  partition  3  into  m+1  classes, 

TE3  - 

$Sd,  ...  ,  3d+m,  where  $k  =  (T  £  3||T|=d+k}.  Note  that  3  =  3d+m, 

and  for  all  k  /  J,  3^  H  3^  =  Our  procedure  for  orienting  H  is 
as  follows. 

Step  0.  Orient  £(T*).  Let  Or(')  denote  the  orientation  on  J5(T*). 

Set  Kq  =  A(T*). 

Step  i  (i  =  1,  ...,m):  Let  =  R^_^  X (T) ) .  Extend  the  orientation 

0r(*)  to  by  using  the  induced  orientation  on  _  to  orient 

dX(T),  T  e  3^.  We  now  show  that  each  step  of  this  procedure  is  executable 

and  the  result  is  a  coherent  orientation  of  K.  Note  R  =  R.  Our 

in 

proof  Is  as  follows: 


Clearly  Step  0  Is  executable,  since  S(T*)  is  orlentable. 

Suppose  steps  0, . . . ,  i-1  sure  executable  and  result  In  a  coherent  orienta¬ 
tion  of  The  following  lemma  serves  as  a  basis  for  our  proof: 

Lemma  6.14.  Suppose  T'  c  3^.  Then  fl  Jt(T')  is  an  orlentable 

(n-l) -pseudomanifold  and  is  a  subset  of  ^  and  dJS(T’). 

PROOF:  By  the  induction  hypothesis  is  an  orlentable  n-pseudomanifold. 

So  is  S(T’ ).  Let  us  denote  L  =  ^  0  i(T' )  for  notational  convenience. 

L  then  is  closed  under  nonempty  subsets,  and  so  is  a  complex.  Let 
x  U  e  €  L.  Then  x  6  A(T)  for  some  T,  |t|  <  d  +  i,  and  x  £  A(T* ), 

Q  c  C^p, .  By  assumption  (ii),  there  exists  k  £  T'  such  that 
x  £  A(T’  \  [k}).  Let  y  £  A(T’  \  {k})  contain  x  (x  C  y),  such  that 
Ty  =  T’\lk).  Then  xUCCyU  .  Note  y  U  0T,  £  L.  Furthermore 
|y  U  Qj,  |=d  +  i  +  n-(d+i)=n.  Thus  every  element  of  L  is  a  sub¬ 
set  of  an  (n-l) -simplex  of  L. 

Now  let  x  U  Q  be  an  (n-l) -simplex  of  L.  From  the  preceding 
remarks,  we  know  T^  =  T'  \  {k}  for  some  k  £  T',  and  Q  =  .  Let 

x  U  Q  \  (aj  be  an  (n-2)-simplex  of  L,  and  suppose  x  U  q\  ta)  U  (Pi 
is  an  (n-l) -simplex  of  L,  p  ^  a.  We  need  to  show  that  there  is  at  most 
one  choice  of  P.  Clearly,  a  &  Q,  so  a  £  x.  We  have  two  cases: 

Case  I.  x\  {a}  is  not  full.  Then  since  x\  tee}  U  (P }  must  be  full, 

P  is  the  unique  element  of  such  that  x\  (a)  U  tp }  is  a  (d+i-1)- 

s implex  of  A(T'\^  tk)). 


Case  2.  x\ia}  is  full.  In  this  case 
for  some  j  ^  k,  j  €  T' . 


=  T’\(k}\  { J} 


Since  x\  taj  U  (p)  must  be  a  full  (d  +  i  -  1) -simplex,  P  is  the  unique 
element  of  K°  such  that  x  \  {a}  U  {pj  is  a  (d  +  i  -  l) -simplex  of 
A(r  \  U)). 

Thus  we  see  that  L  is  a  pseudomanifold  of  dimension  (n-l). 


Our  next  task  is  to  show  that  L  is  homogeneous.  Let  x  U  Q^t, 
y  U  be  distinct  (n-l)-simplices  in  L.  If  =  T^,  then  since 

A(T  )  is  homogeneous,  there  is  a  sequence  x  =  6n,  . ..,  s,  =  y  of 

X  U  K 

neighbors  such  that  each  s.  €  A(T  ),  j  =0,...,  k.  Then 

<]  x 

x  U  Q^,  =  sQ  U  Qj  Sj  U  Sr”  *  *  *  >  Sk  U  Sr’  1-8  a  se<luence  neighbors 

in  L.  Suppose  then  T  /  T  .  T  =  T’  \  {j},  T  =  T’ \  {k},  for  some 

x  y  x  *  y 

j,  k,  where  j  ^  k,  j  £  T",  k  £  T' .  Let  z  £  A(T'  \lj)  \  (k}).  Then 
there  exists  a,  p  £  K°  such  that  z  U  la}  £  A(T  '  \  (J)), 
z  U  (p)  £  A(T' \  (k)).  Let  x  =  sQ>  ...  >  s^  =  z  (J  (a)  be  a  sequence 
of  neighbors  in  A(T'  \  (jj),  z  (J  (p)  =  t^,  ...  »  t  =y  a  sequence 
of  neighbors  in  A(T' \  {k}).  Then  the  sequence  x  U  Qj,=  so  U  St* *  ’ ' *'  sp  US" 
tQ  U  ...  ,  tf  U  Qt,  =  y  U  Qt,  is  a  sequence  of  neighbors  in  L. 

Thus  L  is  homogeneous. 


Next  we  show  that  L  c 

of  L.  Since  T  =  T'  \  (k)  for  some 
x  ' 

x  U  ^  (q^).  An^  n-simplex  of  R,_. 
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Let  x  U  Q_,  be  an  (n-l) -simplex 
k  £  T’,  we  can  write  x  U  Q^,  = 
is  of  the  form  y  U  where 

y 


|Tyl  <  d  +  i  -  1.  Thus  the  unique  n- simplex  of  R^_^  containing  x  U 
is  x  U  ^  ,  and  hence  x  €  dRj^.  A  similar  argument  shows  that 
L  C  dJ(T’). 

It  only  remains  to  show  that  L  is  orientable.  Since  ^  is 
orientable,  0r(*)  on  induces  an  orientation  0r(*)  on  L  c  St, ... 

We  need  to  show  that  this  induced  orientation  is  coherent.  Let  x,  y  €  L 
be  neighbors.  Let  us  assign  labels  to  elements  of  R^  as  follows: 

For  v  6  v  ^  x  U  y,  let  L(v)  =  1.  We  can  write  x  =  {v^ 

y  =  ^vn+1t  v2>  •••  >  vj  and  let  L(vx)  =  L^vn+i)  =  1>  L^vi)  =  i> 

i  =  2, . ..,  n.  Let  us  do  C-pivots  on  the  C-ordering  of  x.  This  will  trace 

a  path  of  simplices  of  which  if  it  has  a  right  endpoint,  the 

right  endpoint  will  be  y.  Furthermore,  by  the  nature  of  our  labelling 
function,  all  elements  of  the  path  will  contain  x  Cl  y.  At  least  one 
element  of  x  fi  y  will  be  an  element  of  K^,  and  since  K  is  locally 
finite,  the  path  will  have  a  right  endpoint.  By  the  results  of  Section  6.2, 
Or(x)  =  -Or(y),  thus  establishing  that  0r(*)  is  coherent  on  L.  ® 

With  Lemma  6. lb  established,  we  can  orient  L  using  the  induced 

orientation  0r(*)  from  R^.  Now  let  x  =  {v^, ...,  v^}  be  a  fixed  ordered 

element  of  L.  Since  x  £  dR^  x  £  di(T' ),  there  exist  unique  elements 

cr,  3  £  K°  such  that  [a,  v.. , . . . ,  v  }  £  K  ,  (3,  v  , ...,  v  }  €  S(T' ). 

jl  n  l-i  1  n 

Define  0r(3,  v^,  ...  ,  v  )  =  -Or(a,  v^,  ...  ,  vn),  and  extend  0r(*) 
to  all  of  i(t')  by  using  (3,  v^, ...,  v^}  as  a  "seed".  This  makes 
A(T' )  coherently  oriented,  and  also  R^,  .  U  A(T* )  coherently  oriented. 


We  can  repeat  this  procedure  for  all  T*  €  since  for  any 

S,  T  ^  A(S)  D  J(T)  contains  no  (n-l)-simplices  or  n-simplices, 

i.e.  A(S)  and  £(T)  share  no  common  boundary. 

Thus  Step  i,  1=1,...,  m,  of  our  procedure  is  executable  and 

results  in  a  coherent  orientation  of  R. .  Hence  15  =  It  is  orientable, 

l  m 

We  have  just  proved: 

Theorem  6.13.  Let  A(-)>  S$,  N,  K  satisfy  assumptions  (i)  and  (ii)  of 
this  section.  Then  K  is  orientable. 


6.4,  Concluding  Remarks 

We  first  discuss  ways  to  verify  assumptions  (i)  and  (ii)  of 
Section  6,3.  Assumption  (ii)  can  be  verified  by  a  case  by  case  analysis 
of  elements  of  3,  if  need  be.  However,  notice  that  if  %  is  closed 
under  subsets,  then  assumption  (ii)  is  satisfied.  In  all  of  the  applica- 
ions  of  V-complexes  discussed  in  this  thesis,  the  only  instance  where  3 
is  not  closed  under  subsets  occurs  in  Kuhn’s  algorithm  for  the  Sperner 
Lemma,  where 

3  =  {$,  (I),  ...  ,  . 

and  in  this  case,  Assumption  (ii)  is  satisfied. 

Assumption  (i)  can  be  difficult  to  verify,  in  general.  However, 
it  can  be  shown  that  if  an  n-pseudomanifold  J  can  be  realized  as  a 
triangulation  C  of  a  set  S  in  3Rn,  then  J  is  orientable.  The 


proof  of  this  statement  involves  the  use  of  determinants  and  the  notion 

of  an  orientable  piecewise-linear  subdivided  manifold,  and  as  it  is  not 

central  to  our  discussion,  we  omit  it.  All  of  the  sets  A(T)  in  all  of 

|  T I 

our  applications  are  realizable  as  triangulations  of  sets  in  B  1  , 

and  so  every  specific  H-complex  of  this  thesis  is  orientable. 

A  final  remark  concerns  whether  or  not  R  can  be  realized  as 
a  triangulation  in  ]Rn,  where  n  =  |H|.  In  Eaves  [6],  it  is  shown  that 
for  Shapley’s  algorithm,  R  can  be  realized  as  such  a  triangulation. 

In  general,  the  complex  K  can  be  realized  as  a  triangulation  B  n. 

The  problem  then  becomes  how  to  place  " artificial”  vertices  q^, 
i  =  1,  ...,n,  in  IRn  in  such  a  way  that  K  can  be  realized  as  a  tri¬ 
angulation.  This  is  an  open  question. 
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CHAPTER  VII 


KNOWN  VARIABLE -DIMENS ION  ALGORITHMS  INTERPRETED  ON  V-COMPLEXES 

7.0.  Introduction 

The  original  ideas  behind  the  development  of  V-complexes  came 
from  reading  the  papers  of  van  der  Laan  and  Talman  [2*4],  Reiser  [33], 
and  Luthi  [31],  who  present  variable-dimension  algorithms  for  computing 
fixed-points  or  nonlinear  complementarity  points.  In  this  chapter,  we 
show  that  these  and  other  variable-dimension  algorithms  can  be  interpreted 
as  path-following  on  a  V-complex. 

In  Section  1,  we  present  fixed-point  algorithms,  namely  those  of 
Kuhn  [44],  Garcia  [12],  and  van  der  Laan  and  Talman  [23]  and  [24]. 

In  Section  2,  we  present  the  algorithms  of  Luthi  [ 31]  and  Reiser  [33] 
for  the  nonlinear  complementarity  problem.  In  Section  3,  we  present  the 
algorithm  of  van  der  Laan  and  Talman  [25]  for  equilibrium  points  in  n-person 
game  theory. 


7.1-  Fixed  Point  Algorithms 

As  was  shown  in  Chapter  V,  Sperner’s  Lemma  and  Brouwer’s  Fixed- 
Point  Theorem  are  "equivalent,"  in  the  sense  that  one  provides  a  quick 
proof  of  the  other.  The  first  variable-dimension  algorithm  known  to  the 
author  is  Kuhn’s  algorithm  [44]  for  the  Sperner  Lemma  which*  as  we 
have  shown  in  Chapter  V,  can  be  used  to  compute  approximate  fixed-points. 


Since  we  have  already  cast  this  algorithm  as  an  instance  of  path-following 
on  a  V-complex,  refer  to  Chapter  V,  Section  1,  for  the  details. 

Garcia*  s  Algorithm 

The  second  variable -dimens ion  algorithm  for  computing  fixed-points 
was  Garcia’s  "hybrid"  algorithm  [12].  Our  treatment  of  this  algorithm 
draws  heavily  on  the  material  in  Chapter  V,  Section  3.  Let 
Sn  =  {x  £  Bn  |eTx  =  1,  x  >  0),  and  let  N  =  {l,...,n).  Let  j  €  N  be 
fixed.  Then  construct  C,  3,  A(«),  and  K,  K^,  as  in  Chapter  V,  Section  3. 
Let  f:Sn  ->  Sn  be  a  given  continuous  function.  For  each  (v,t)  €  K^,  let 

L(v,t)  =  min[i|fi(v)  >  VjL 

The  algorithm  consists  of  following  the  infinite  path  from  #  €  B;  the 
proof  that  this  path  is  infinite  appears  in  Section  3  of  Chapter  V.  Let 
(x  }?  be  the  simplices  encountered  in  the  path.  There  exists  T  CN, 

T  ^  <j(,  such  that  L(x^)  =  f  for  infinitely  many  i.  For  each  x^ 
such  that  L(x^)  =  T,  choose  a  point  (s*,t*)  £  x^,  and  let  s*  be  a 
cluster  point  of  the  s^.  By  the  continuity  of  f(*),  f^(s*)  >  s^  for 
all  i  £  f.  For  all  i  T,  s|  =  0,  since  for  all  k  sufficiently  large 
tk  >  0.  Thus  f^(s*)  >  s|  for  all  i,  which  implies  that  f(s*)  =  s*, 
since  e^f(s*)  =  e^s  =  1. 

van  der  Laan  and  Talman*  s  First  Algorithm 

In  [2b],  van  der  Laan  and  Talman  presented  a  variable-dimension 
algorithm  for  Sperner' s  Lemma  and  for  computing  fixed-points.  The  pivot 
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rules  and  a  sample  path  for  this  algorithm  appear  in  Chapter  II,  Section  2. 
Here  we  present  the  algorithm  as  a  path-following  procedure  on  a  V-complex. 
Let  Sn  {x  c  ]Rn|eTx  =  1,  x  >  0]  and  let  C  be  the  Scarf -Hansen 
triangulation  of  Sn.  Let  N  =  (1,  . ..,n)  and  let  3=  CN|T  /  N}. 

Let  w  >  0  be  a  fixed  vertex  of  C,  and  let 


where  Q  is  an  n  x  n  matrix.  Let  q1  denote  the  i—  column  of  Q. 

For  each  t  £  %  ,  let  A(T)  be  the  pseudomanifold  corresponding  to  the 
restriction  of  C  to 

{x  e  Sn|x  =  w  +  Z  X  q1,  \  >  0}  . 

i€T  1  1  ~ 

Finally,  let  K  be  the  pseudomanifold  corresponding  to  C.  It  can  be 

shown  that  K,  A(*)  and  3  define  a  V-complex.  See  Figure  7.1. 

Now  let  L(#)  be  a  proper  labelling  (see  Chapter  IV,  Section  1) 

of  K° ,  and  let  us  examine  the  sets  B  and  G.  Clearly  £  B,  since 

=  (0,  {w}}.  Suppose  (/  /  x  G  B,  We  have  T  =  L(x),  and  x  €  d’A(T  ). 

x  x 

Let  x  =  (v1,  ...  ,  vt).  Then  v*  =  0  for  some  j  €  T  and  all 

J  X 

i  =  1, ...,t.  Thus  since  L(*)  is  proper,  ,j  i  L(x),  a  contradiction. 
Therefore  B  =  {0}. 
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A(2,3) 

_ W _ 


Suppose  x  £  0.  Then  by  Definition  of  3,  L(x)  =  1,  end  x  is 
a  completely-labelled  simplex.  The  algorithm  consists  of  following  the 
path  whose  endpoint  is  €  B.  The  other  endpoint  oust  be  an  element  of 


G,  and  so  is  a  completely  labelled  siiqplex.  A  sample  path  of  this 
algorithm  appears  in  Figure  7.2. 


van  der  Lean  and  Telman' §  Second  Algorithm 

In  [  25] ,  van  der  Lean  and  Talman  presented  a  variable -dimension 
algorithm  for  computing  fixed  points  on  unbounded  regions.  An  analysis 
of  this  algorithm  as  a  V-complex  is  as  follows: 

Let  K  be  the  pseudomanifold  corresponding  to  Kuhn's  triangulation 
of  B n,  and  let  f:Rn  -*  R n  be  continuous.  Let  Q  be  the  n  x  (n+l) 
matrix 


r  1  0 


0  -1 1 


0  1 


Q  * 


0 


.  .  .  .  0  . 

.0  0  •  •  •  0  1  -1  . 

Also,  let  w  £  K°  be  fixed.  Let  N  =  {1, ...,n+l},  and  let 
3  =  {T  C  N|T  /  N).  Define  A(gT)  *  L0,tv)),  and  for  3,  define 

A(T)  to  be  the  pseudomanifold  corresponding  to  the  restriction  of  Kuhn's 
triangulation  to 


where  q*  is  the  i—  column  of  Q.  It  can  he  verified  that  A(*  )>  3, 
and  N  define  a  V-conq?lex.  See  Figure  7.3.  Now  let  L(*):K°  n  be 
a  labelling  function  defined  by 

if  f^v)  -  >  ffc(v)  -  vfc  for  all  k  and 

fi(v)  -  >  0 

if  f ( v)  -  v  <  0  . 

and  G.  Clearly  0  £  B,  since  A (0)  =  {0,  (w}). 

Also  since  b'A(T)  =  0  for  all  T  /  0,  B  =  (0).  Also,  by  definition  of 
3,  G  =  (x  e  K|L(x)  =  N}. 

The  algorithm  consists  of  following  the  path  from  0  €  B.  If 
this  path  is  finite,  then  its  other  endpoint  is  an  element  of  G. 

The  usual  limiting  argument  shows  that  for  sufficiently  small  diameter  of  the 
triangulation,  any  element  of  a  simplex  in  G  is  an  approximate  fixed-point  of 
f(').  In  [23]  and  [52],  sufficient  conditions  are  given  which  guarantee 
the  finiteness  of  the  path  from  0  €  B,  thus  assuring  that  an  element  of 
G,  and  hence  an  approximate  fixed-point,  is  found.  A  sample  path  appears 
in  Figure  7.*+. 


r  i 


L(v)  =  j 


n+1 


Let  us  now  examine  B 


7.2.  Algorithms  for  the  Nonlinear  Complementarity  Problem 

The  nonlinear  complementarity  problem  (NLCP)  is  as  follows: 
let  f:®n+-*  ]Rn  be  given.  Find  x*  £  ]Rn+  such  that  f  (x*)  >0 
and  x*f (x*)  =  0.  This  problem,  central  to  mathematical  programming, 
arises  in  constrained  optimization,  game  theory,  and  economic  equilibrium 
theory.  See,  for  example,  Cottle  and  Dantzig  [  2  ],  Eaves  [  3 ],  Lemke 
[28]  and  [29],  and  Scarf  [35]. 
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In  [31],  Luthi  presented  a  variable-dimension  algorithm  for  the 
NLCP.  In  our  presentation  of  his  algorithm  as  an  instance  of  path-following 
on  a  V-complex,  we  only  treat  the  basic  algorithm,  and  not  the  restart 
procedure. 

Let  f:IRri+  ->  3Rn  be  given,  let  C  be  a  triangulation  of  ]Rn+, 
and  let  K  be  the  pseudomanifold  corresponding  to  C.  Let  N  =  {1, ...,n+l), 
and  let  3  =  (TC  N|n+1  4  T).  Let  A(0)  =  t0,  iO]},  and  for  4  1  T 
define  A(T)  to  be  the  pseudomanifold  corresponding  to  the  restriction 
of  C  to  the  set 

ix  ti  Bn  +  |x  =  0  for  all  i  4  T]  . 


It  can  be  verifed  that  3,  N,  and  A(-)  define  a  V-complex.  See 
Figure  7.5. 

Now  let  the  labelling  function  L(,):Ii  -»N  be  defined  as 


follows: 

L(v) 


n+1  if  f ( v)  >  0 

any  i  such  that  f  (v)  <  f.(v)  for  all  j  if  f(v)  ^  0. 

^  0 


Let  us  now  examine  the  sets  B  and  G.  Clearly,  $  €  B,  since 
A(0)  =  (0,  [0}},  Furthermore,  for  T  C3;  T  ^  d*A(T)  =  so  there¬ 
fore  B  =  .  $0  . 

Let  x  :  G.  Then  L(x)  =  U  tn+1},  by  definition  of  N  and 
Let  s  be  an  element  of  the  real  simplex  corresponding  x.  Then  if  the 
diameter  of  x  is  sufficiently  small,  we  have  that  f(s)  >0  (where 
”  denotes  approximately),  since  (n+l)  £  L(x),  Suppose  s^  >  0  for  some  i« 
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Then  we  must  have  i  £  T^.  Thus  i  £  L(x),  and  so  f^(s)  <  0,  which 
implies  f^(s)  ^  0.  Thus  we  have  that  s*f(x)  «  0,  and  so  s  solves 
the  NLCP. 

The  algorithm  consists  of  following  the  path  from  0  £  B. 

If  this  path  is  finite,  then  any  element  of  the  terminal  simplex  x  6  G 
is  an  approximate  solution  to  the  NLCP.  Conditions  which  guarantee  the 
finiteness  of  the  path  are  given  in  Kojima  [19].  A  sample  path  appears 
in  Figure  7.6. 


Reiser1 s  algorithm 

In  [33],  Reiser  presented  a  variable-dimension  algorithm  for  the 
NLCP,  and  first  introduced  the  use  of  negative-valued  integer  labels. 
Reiser’s  exact  algorithm  is  slightly  different  from  that  which  appears 
in  Chapter  II,  Section  1.  The  analysis  of  Reiser's  algorithm  as  an 
instance  of  path-following  on  a  V-complex  is  as  follows? 

Let  f;3Rn*-»  ]Rn  be  continuous.  Let  K  be  the  pseudomanifold 
corresponding  to  Kuhn's  triangulation  of  ]Rn+,  and  let 
N  =  tl, . ..,  n,  -1,  ...  ,  -n).  Let  w  >  0  be  a  fixed  element  of  K°. 

Let  3  =  (T  c  N  |  i  £  T  implies  -i  0  T]  and  define  A(0)  «=  {0,  (w)}. 

For  0  /  T  £  3,  define  A(T)  to  be  the  pseudomanifold  corresponding  to 
the  restriction  of  Kuhn' s  triangulation  to 


x  £  Bn+|  j  0  T,  -j  0  T  implies  =  w^,  and  j  £  T 


implies  j • (x-w)  | ^  j  < 0 } , 


See  Figure  7,7.  It  can  be  verified  that  K,  A(*)>  N,  and  S  define  a 
V-complex.  Let  L(*)^  ->  N  be  the  labelling  function 
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L(v) 


i  if  min  f  .(v)  +  max  f .(v)  >  0 

j=l,...,nJ  v  >0  J 

J 

and  f . (v)  >  f.(v)  for  any  v.  >  0,  and  v.  >  0. 

<  -i  if  rain  f  .(v)  +  max  f4(v)  <  0 

v.>0  3  ~ 

and  f.(v.)  <  f.lv)  for  any  j  =  1,...,  n 

.0  if  v  =  0,  f (v)  >  0  . 


If  L(v)  =  0,  then  v  =  0  solves  the  NLCP  and  we  are  done.  So  we  assume 
that  L(0)  /  0.  In  the  above  labelling  function,  choose  the  least  index  i 
in  case  of  ties. 

Let  us  now  examine  the  sets  B  and  G.  Clearly  0  £  B,  since 
A (0)  =  [09  tw}).  Suppose  0  ^  x  £  B.  Then  x  £  dfA(Tx).  Thus  for  all 
v  €  x,  there  is  some  i  £  T  such  that  v.  =  0.  But  then  we  cannot  have 
L(v)  =  i,  so  that  L(x)  0  T  .  This  contradicts  the  definition  of  B. 
Therefore  x  0  B  and  so  B  =  [0] . 

Now  let  x  £  G.  Then  there  are  vertices  v1,  vn  £  x  such  that 
L(v’)  =  -L(vm).  In  [33],  Reiser  shows  that  for  sufficiently  small 
diameter  of  C,  v'  or  v"  is  an  approximate  solution  to  the  NLCP. 

Reiser’s  algorithm  consists  of  following  the  path  from  0  £  B. 

If  this  path  is  finite,  it  must  terminate  with  an  element  x  of  G. 

In  [33],  Reiser  gives  sufficient  conditions  on  f  that  guarantee  that 
the  path  from  0  £  B  Is  finite.  See  Figure  7.8  for  a  sample  path. 
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Figure  7.7 


7.3.  Algorithms  for  Equilibrium  Points  in  n«Person  Noncooperative 
Game  Theory 

An  n-person  noncooperative  (finite)  game  can  be  described  as 
follows!  There  are  N  players  (l  <  N  <  <»),  each  of  whom  have 
pure  strategies,  n  =  1,  ...  ,  N#  Let  n  =  mn*  The  given  quantities 

a(nj  i^, ...,  i^)  ,  ij  ~  1, ...,  n=l, ...,  N$  j  N 

represent  the  loss  per  play  to  player  n  if  player  j  plays  his/her 

i  .th  pure  strategy.  These  quantities  are  assumed  to  be  positive  without 

J 

loss  of  generality.  We  denote  the  strategy  vector 

i  =  ijj)  £  ^i  x  •  •  •  x  ^  f 


where 

Let 


In  ~  1 1*  •  •  •  f  / 


n  —  1,  . .  • , 


sn  =  (x  €  3R  n  |eTx  =  1,  x  >  0} 


be  the  set  of  mixed  strategies  for  player  n,  n  =  1, ...,  N.  Furthermore, 
1  N 

let  S  =  S  x  •••  x  S  .  S,  then,  is  the  set  of  all  mixed  strategies 
for  all  players.  Let  I  =  1^  x  •••  x  IN.  Define 


f(n;i,x)  =  2^  a(n,  ij,...,  iB-1»  Vl'** 


i  =i 
n 


N 

n  x\ 
k=l 
k/n 


V »  *<k’V 
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where  x(k, j)  is  the  coefficient  of  the  j—  term  of  the  k—  mixed 
strategy.  f(nji,x)  is  the  marginal  loss  to  player  n  under  the  mixed 
strategy  x  €  S,  for  each  i  €  I  . 

A  strategy  vector  x  is  a  (Nash)  equlibrium  point  if  and  only 
if  x  satisfies: 

i)  x  £  X 

ii)  [  f  (n;  i,x)  -  h(n,x)]  x(n,i)  =  0,  n  =  N;  i  =  1,...,  m  , 

where  h(n,x)  =  min  f(nji,x). 
i€I 

n 

In  [25],  van  der  Laan  and  Talman  present  an  algorithm  that 
computes  an  approximation  of  x.  To  do  so,  they  also  present  a  neat  way 
to  triangulate  S.  Before  interpreting  their  algorithm  as  path- following 
on  a  V-complex,  we  first  need  to  describe  their  triangulation. 

Let  d^,  . , .  ,  d^  be  fixed  positive  integers,  and  let  w  >  0 
be  a  fixed  element  of  S  such  that  d  *w(n,  i)  is  integral  for  all 

•  •  o  i"l 

o 


•  -1  0 

o  l  -lj 

where  Q  is  an  (m  )  x  (m  )  matrix.  Let  Q  be  defined  by: 
n  n  n 


n  =  1, N,  i  =  1, mn.  Let 


Q  =^ 
n  d 

n 


-1  0 

1  -1 

0  1 
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Q  = 


o 


o 


SJ 


Furthermore,  let  qj  be  the  J—  column  of  Q.  Let  be  any  point  in 
the  affine  hull  of  S,  such  that  dQ*v(n,  i)  is  integral  for  n  =  1, . . . ,  N, 
i  =  1, . . . ,  mQ.  Choose  indices  k^,  . . .  ,  k^  such  that  kR  €  Iq, 
n  =  1, N.  And  let  i  be  a  permutation  of  I \{k^, . . . ,  kjj}.  Define 
for  j  =  1,...,  n-N, 


=  v^-1  ♦ 


'V(j) 


Then  it  can  be  shown  that  (v  , . . . ,  vn  is  an  (n-N) -dimensional  real 
simplex  in  the  affine  hull  of  S.  The  collection  of  all  such  simplices 
on  S  can  be  shown  to  be  a  triangulation  of  S.  Call  this  triangulation  C. 
Let  us  now  set  up  our  V-complex  related  to  S.  Let 


N  =  ( (n, i) | i  €  In,  n  =  1,...,  N). 


Let  3  =  {TCN|for  each  n,  {(n,i)|(n,i)  €  T)  ^  {(n,l),...,  (n,mQ)), 
n  =  1,...,  NJ.  Define  A(0)  =  {0,  (w)).  For  each  T  e  3,  T  f  <f,  define 
A(T)  to  be  the  pseudomanifold  corresponding  to  the  restriction  of  C  to 
the  set 


{x  €  S|x  =  w  + 


(n,i)€T  X(M)9(n,i)’  Nn»i)  “  ' 
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th 

where  q(n>i)  is  the  (  Z  m.  +  i) —  column  of  ft. 

j=i  J 

It  can  be  shown  that  this  restriction  is  well-defined,  and  that 
K,  3,  and  A(*)  define  a  V-complex,  where  K  denotes  the  psueodmanifold 
corresponding  to  C. 

We  now  define  a  labelling  function  L(*): -> N,  by  the  rule: 

L(v)  =  (n,i)  if  (n,i)  is  the  lexicographic  least  index  with  x(n,i)  >0 
and  f(n*i,v)  -  h(n,v)  >  f(mjj,v)  -  h(m,v)  for  all  other  (m,  j)  G  ff. 

It  can  be  shown  that  this  labelling  rule  is  well-defined. 

Let  us  now  examine  the  sets  B  and  G.  Clearly  <jt  €  B,  since 
A(0f)  =  {0,  {w}).  Suppose,  0  /  x  €  B,  where  x  =  {v\ vt)  for 
some  t  >  0.  Then  L(x)  =  Tx  and  x  €  d*A(Tx).  Thus,  for  some  (h,  i)  €  T^, 
V(h  i)  =  °  f°r  ^  =  1, ...,  t.  But  then,  by  definition  of  L(*)> 

(n, i)  0  L(x),  contradicting  the  fact  that  L(x)  =  T^.  Thus  B  =  (0). 

Since  B  contains  only  one  element,  G  must  contain  an  odd 
number  of  elements,  by  Corollary  3.11.  Let  x  G  G.  Then,  for  some 
nG  {1,...,  N},  L(x)  3  l  (n, l), . . (n,m  )}.  As  is  pointed  out  in  [25], 
any  element  of  x  represents  an  approximate  equilibrium  point,  for 
sufficiently  small  diameter  of  C.  van  der  Laan  and  Talman* s  algorithm 
consists  of  following  the  path  from  0GB  to  its  other  endpoint,  an 
element  of  G. 
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J.k.  Concluding  Remarks 

In  this  chapter,  we  have  shown  that  a  number  of  variable-dimension 
algorithms  can  be  formulated  as  path-following  schemes  on  a  V-complex. 

There  are  two  noteworthy  variable-dimension  algorithms  whose  formulation 
in  the  context  of  a  V-complex  appears  doubtful.  These  are  the  game-theory 
algorithm  of  Garcia,  Lemke,  and  Luthi  [13]*  and  the  algorithm  of  van  der 
Heyden  [l6]  for  the  linear  complementarity  problem. 

The  algorithm  of  Garcia,  Lemke,  and  Luthi  [13]  for  equilibrium 
points  in  noncooperative  n-person  games  is  truly  a  variable-dimension 
algorithm.  However,  it  uses  neither  integer  nor  vector  labels,  but  rather 
uses  a  sequence  of  labels,  called  p-labels,  in  its  execution.  The  label 
function  varies  as  a  function  of  the  state  of  the  algorithm.  It  is  the 
lack  of  a  unique  labelling  function  in  the  algorithm  which  makes  it 
difficult  to  interpret  the  algorithm  on  a  V-complex. 

Van  der  Heyden* s  algorithm  [16]  for  the  linear  complementarity 
problem  is  also  a  variable-dimension  algorithm.  In  this  algorithm,  the 
dimension  of  the  "simplex"  (actually  the  set  of  relevent  non-basic 
variables)  can  jump  by  more  than  one-dimension  between  two  "adjacent" 
states.  This  makes  the  interpretation  of  the  algorithm  on  a  V-complex 
very  doubtful  as  well. 

With  the  exception  of  these  two  algorithms,  all  variable-dimension 
simplicial  algorithms  that  have  come  to  ray  attention  can  be  interpreted 
as  path-following  schemes  on  a  V-coraplex. 
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CHAPTER  VIII 


CONCLUDING  REMARKS 


8.0.  Introduction 

In  this  chapter,  we  make  some  summary  remarks  and  conclusions 
regarding  V-complexes,  H-complexes,  and  their  extensions.  To  begin  with, 
let  us  summarize  the  development  of  the  last  five  chapters  of  this 
dissertation.  In  Chapter  III,  we  axiomatically  defined  a  V-complex. 

We  then  showed  how  to  "lift"  a  V-complex  into  an  n-dimensional  pseudo¬ 
manifold  called  an  H-complex.  With  a  labelling  function  specified,  we 
showed  how  to  do  path  following  on  V-complexes  and  equivalently  on  H-com¬ 
plexes.  In  Chapter  IV,  we  used  V-complexes  to  prove  a  variety  of  results 
in  combinatorial  topology,  some  new,  some  old.  In  Chapter  V,  we  applied 
these  results  to  prove  a  number  of  existence  theorems  in  the  mathematical 
theory  of  operations  research,  where  we  interpret  operations  research 
broadly  to  include  optimization,  game  theory,  and  fixed-point  theory, 
among  other  fields.  In  Chapter  VI,  we  developed  an  orientation  theory 
and  an  associated  result  on  path  orientation.  Finally,  in  Chapter  VII, 
we  show  how  most  variable-dimension  simplicial  algorithms  can  be  interpreted 
as  path-following  algorithms  on  a  V-complex. 

8.1.  Vector  Labelling 

In  most  simplicial  algorithms,  vector-valued  rather  than  integer¬ 
valued  labelling  functions  are  used.  A  typical  algorithm  traces  a  path  of 


zeroes  of  a  piecewise-linear  (FWL)  nap  induced  by  the  labelling  function. 
When  integer  labels  cure  used,  the  algorithm  can  still  be  interpreted  as 
tracing  a  path  of  zeroes  of  a  IVL  map,  but  is  more  naturally  intexpreted 
via  the  "ghost  story"  as  stepping  between  " almost-completely-labelled" 
simplexes  of  an  n-pseudomanifold. 

In  this  dissertation,  we  have  restricted  ourselves,  for  the  sake 
of  clarity,  to  integer- labelling  functions.  However,  the  extension  of  path¬ 
following  on  a  V- complex  to  vector -valued  labels  is  not  difficult.  The 
following  summary  remarks  show  briefly  how  to  extend  our  results  to 
vector  labelling: 

Let  K  be  a  V-complex,  and  let  K  be  its  associated  H-complex. 

Let  5  =  (q, , ...,  q  )  be  the  artifical  vertices  used  in  R.  Assume  R 
x  n 

can  be  realized  as  a  triangulation  C  of  some  n-dimensional  set  S  in 
]R^  where  p  >  n,  with  vertices  yP  .  Let  i _,  ...  ,  l  be  pre-specified 
(n-1)  -vectors  in  such  that  the  system 

n 

Y  ~  0  ,  X.  >0, 
i=l  1  1  1 

T 

e  A  ■  1 

0  n—l 

has  a  unique  solution.  Then  let  L(*)sk  -» 3R  be  any  vector  labelling 
function,  and  extend  L(*)  to  R°  by  the  rule 

L(q^)  =  »  i  =  1, ...,  n. 

Then  we  can  perform  PWL  path-following  on  R  much  as  in  Eaves  [6] . 

Of  course,  we  need  to  assume  a  regularity  condition  on  L(*)  or  specify 


a  perturbation  scheme  in  order  to  guarantee  our  path  is  well-behaved 
(i.e.  no  bifurcation  takes  place),  but  the  essential  ingredients  are  all 
as  stated  above. 


8.2.  Kojima1 s  Work 

In  [20],  Kojima  has  presented  an  interpretation  of  variable- 
dimension  algorithms  as  PWL  path-following  on  a  special  type  of  subdivided 
manifold  with  primal  and  dual  elements.  His  work  is  neither  a  generalization 
nor  a  special  case  of  our  own.  In  his  approach,  the  notion  of  triangulation 
is  not  used,  but  rather  he  works  with  subdivided  manifolds.  His  dual  sub¬ 
divided  manifolds  correspond  loosely  with  our  simplices  that  are  subsets 
of  Q,  but  his  dual  manifolds  are  not  necessarily  simplices.  In  this  sense, 
his  work  is  more  general.  In  another  sense,  our  work  is  more  general, 
since  we  are  not  restricted  to  simplicial  structures  that  can  be  imbedded 
in  real  n-dimensional  space,  i.e.  our  results  depend  only  on  pseudomanifolds. 


8.3.  V-Cong?lex  Topology 

The  structure  of  a  V-complex,  as  we  have  seen,  is  a  tool  that 
is  useful  in  other  mathematical  systems.  However,  its  straightforward 
axioms  make  it  somewhat  interesting  in  its  own  right.  One  is  led 
naturally  to  ask,  "What  kinds  of  sets  can  be  realized  as  triangulations 
derived  from  V-conaplexes?"  Although  we  have  no  definitive  answer  to  this 
question,  some  remarks  are  in  order. 
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Consider  a  2 -pseudomanifold  K  that  is  combinatorially  equivalent 

•  • 

to  the  Mobius  strip  (see  Chapter  I ,  Section  3).  After  many  attempts,  we 
have  been  unable  to  design  a  nontrivial  V-complex  with  K  as  the  under¬ 
lying  complex,  where  by  nontrivial  we  mean  a  V-complex  such  that  3  contains 
more  than  one  element. 

Furthermore,  we  have  been  unable  to  construct  a  nontrivial  V-complex 
associated  with  the  two-dimensional  torus. 

Of  course,  both  the  torus  and  the  Mobius  strip  are  non-convex 
sets.  This  naturally  leads  to  the  question  as  to  whether  or  not  any 
nonconvex  set  can  be  realized  as  a  nontrivial  V-complex.  This  question 
is  resolved  in  Freund  [10],  where  we  present  a  non-trivial  V-complex 
associated  with  the  n-sphere,  a  non-convex  set  for  n  >  0. 

A  final  question  is,  "Under  what  circumstances  can  the  (n-pseudo- 
manifold)  H-complex  R  be  realized  in  ]Rn  as  a  triangulation?"  The 
H-complexes  R  associated  with  the  V-complexes  in  this  dissertation 
are  all  realizable  in  Kn ,  but  this  by  no  means  answers  the  question. 


8.1*.  Applications  to  Polyhedra 

Associated  with  a  real  n-dimensional  polytope  is  an  (n-1) -pseudo- 
manifold  derived  from  its  boundary  (see  Adler  and  Dantzig  [1],  for 
example).  Researchers  in  linear  programming  and  combinatorial  optimization 
have  studied  the  structures  of  these  pseudomanifolds  in  relation  to  the 
Hirsch  conjecture  on  the  diameter  of  polytopes  and  other  problems  as  well. 
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Although  we  have  not  applied  V-complexes  to  polyhedra,  there  appears  to 
be  potential  use  for  V-complexes  in  the  combinatorial  study  of  polyhedra 
and  their  related  pseudomanifolds. 


8.5.  More  on  the  Combinatorial  Lemmas 

As  a  final  note,  we  make  some  remarks  regarding  the  combinatorial 
lemmas  of  Chapter  IV.  As  is  summarized  at  the  end  of  Chapter  V,  the 
Generalized  Sperner  Lemma  provides  a  direct  proof  of  both  Sperner's 
Lemma  and  Scarf’s  dual  lemma.  These  latter  two  results  provide  a  direct 
proof  of  Brouwer*  s  Fixed-Point  Theorem,  and  vice  versa.  However,  whereas 
Lemma  U.6  and  Kuhn’s  Lemma  both  imply  Brouwer’s  Theorem,  we  have  been 
unable  to  use  Brouwer's  Theorem  to  prove  either  result.  In  [21],  Kuhn 
proves  a  weaker  version  of  his  lemma  by  appeal  to  Brouwer’s  Theorem. 

A  natural  question,  still  unanswered,  is  "is  there  a  similarly  weaker 
version  of  Lemma  k. 6  that  is  implied  by  Brouwer's  Theorem?" 

In  Chapter  V,  we  showed  how  combinatorial  lemmas  on  the  simplex 
and  the  cube  can  be  used  to  prove  Brouwer's  Theorem.  Are  there  combinatorial 
results  on  other  polyhedra  that  prove  Brouwer's  Theorem?  All  of  the  combi¬ 
natorial  results  on  the  simplex  and  cube  sure  derivable  by  appeal  to  a 
V-complex.  On  other  polyhedra,  what  sorts  of  V-complexes  (associated 
with  the  polyhedra)  could  give  rise  to  new  combinatorial  results? 

Although  we  have  no  answers  to  these  questions,  we  are  confident 
that  further  study  may  give  partial  or  complete  answers,  and  look  forward 
to  the  possibilities  that  new  research  can  offer. 
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